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Chapter 1

Introduction

1.1 Motivation

Numerical models can be employed to simulate a broad spectrum of physical phenomena,
ranging from electronic circuits through dynamics of galaxies. Atmospheric models are of
interest not only for the scientific community but also for the public by providing weather
forecasts and climate models. We are concerned mainly with air pollution models which
describe transport and chemical reactions of pollutants in the atmosphere. The latter can
provide the public with air quality forecasts and thus help avoid exposure if high pollution
levels are expected. Furthermore air pollution modeling may in the long run also help
to improve weather models as the aerosol population strongly influences condensation
processes in the atmosphere [16].

Chemical reactions are modeled as ordinary differential equations (ODE) in time.
The transport processes are formulated as partial differential equations (PDEs) in space
and time. Special challenges arise when these equations are to be solved numerically.
Following the so called method of lines approach the model equations are first discretized
in space resulting in a set of ODEs in time. Complexity in the spatial domain can simply
be reduced by a coarser grid. The obvious downside of this approach is the loss of detail.
Furthermore processes with a spatial scale below the cell size cannot be taken into account
directly and must be approximated; a typical example for this in atmospheric models is
turbulent mixing approximated by a diffusion operator. As a compromise the grid may
be refined in regions of interest [6], [9]. Additionally in atmospheric models the vertical
resolution generally is finer than the horizontal resolution in order to take important
processes as convection and the dependence of the horizontal wind speed from height over
ground into account.

The modeled physical phenomena exhibit a large spectrum of temporal and spatial
scales (see Figure 1.1) and different characteristics. Diffusion and chemical reactions
typically are stiff, whereas advection is non-stiff. Explicit time integration methods proved
efficient for certain classes of equations as for instance the advection equation, whereas
they are not suitable for stiff systems. Implicit methods on the other hand allow for
larger time steps even for stiff systems, but they require repeated solving of a nonlinear
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Figure 1.1: Temporal and spatial scales of meteorological processes and scales covered by
different models. Courtesy of DWD (German Weather Service); with additions.

system of equations which reduces their efficiency for problems with many degrees of
freedom. To combine the advantages of explicit and implicit solvers, implicit/explicit
(IMEX) methods have been devised [18], [2]. This class of splitting methods has proven
efficient for problems which can be decomposed into non-stiff (or mildly stiff) and stiff
terms.

The systems of equations resulting from the semidiscretization of advection equations
are challenging on their own. Stability requirements restrict the time step to be smaller
than some value proportional to the cell size and inversely proportional to the wind speed.
In combination with local grid refinement and spatially varying wind fields this means
that the fastest cell dictates the global time step. Multirate methods have been developed
which allow to compute the solution of selected components with different time step sizes
so that stability requirements lead to a local restriction of the time step instead of a global
one. Slower components thus can be integrated using fewer and larger time steps which
leads to a reduction of the computational cost. The magnitude of this cost reduction
strongly depends on the simulation setup and, as a rule of thumb, is more significant if
fewer components require the smallest time step.
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An important issue for the practical use of a numerical method is its implementation.
A method that looks promising on paper does not necessarily translate to an efficient
program. One of the reasons for this is overhead correlated to the algorithmic complexity.
Furthermore high performance computing concentrates on distributing a simulation on
multiple processors or nodes of a computer cluster. Computational power is mostly given
in the form of computer clusters – as of November 2011, 82% of all systems listed in
the top 500 list (http://top500.org) are clusters. Thus it is necessary to distribute the
computational cost on multiple nodes of such a cluster. This is done by a decomposition
of the spatial domain into blocks. Due to the interdependency of the different blocks, each
block must also be provided with information on other blocks’ cells in its vicinity. This can
be thought of as block local boundary conditions. The correlated data is stored in so called
ghost cells alias halo cells which must be updated periodically. A careful examination of
both spatial discretization and time integration is necessary to implement an exchange
strategy that provides all data needed while minimizing inter-process communication (i.e.
inter block communication). This problem is common to all parallelized simulations of
strongly coupled systems.

The aim of this thesis is the construction and analysis of a general splitting scheme
which can be employed to construct explicit multirate schemes, IMEX schemes and com-
bined multirate-IMEX schemes. Furthermore we shall detail the efficient implementation
of this approach in a parallel atmospheric chemistry transport model. In Chapter 2 we
shall introduce the central model equations as well as the necessary preliminaries of spatial
semi-discretization and time integration.

Chapter 3 is dedicated to formal aspects of the novel Recursive Flux Splitting Multi-
rate approach, a generic splitting scheme which constructs a partitioned time integration
method from classical base methods. We shall discuss the general approach and detail the
representation of the generated methods as partitioned Runge–Kutta methods. Spatial
aspects of the splitting approach shall receive special attention as they are prerequisites
for an efficient implementation. The order of the generated methods is analyzed in terms
of the underlying base methods. To construct methods that preserve the linear invariants
of the system we also consider the direct manipulation of the partitioned methods. The
last section of the chapter contains a stability analysis for advection-reaction systems.

In Chapter 4 we shall detail the implementation of the formerly introduced splitting
approach in MUSCAT [28], an air pollution model developed at the Leibniz Institute
for Tropospheric Research. In particular we shall outline the employed data structures
and present the parallel implementation of the time integration scheme. For two or more
spatial dimensions the data exchange strategies are significantly more complicated than in
the one dimensional case; they shall be discussed in detail. Finally we shall examine how
parts of the simulation should be distributed on available processors so that idle times
are minimized.

In Chapter 5 we present numerical tests that illustrate practical implications of split-
ting methods and allow to examine some questions arising in the previous chapters in
more detail. We compare the alternative splitting approaches and examine two of the
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earlier presented IMEX splittings. To demonstrate the potential of splitting methods we
consider the purely explicit solution of a two dimensional diffusion-reaction equation. The
performance of the implementation discussed in Chapter 4 shall also be examined.

1.2 State of the art

State of the art numerical models can be used to simulate a broad spectrum of atmospheric
phenomena. These range from microphysical and chemical processes with characteristic
times below a second and characteristic scales in the sub-millimeter range up to high/low
pressure areas and planetary waves on scales about 1000 kilometers and characteristic
times up to months. Additionally the simulation domain is often locally refined to allow
for a more accurate examination of regions of interests [6],[9]. These may be densely
populated areas in contrast to surrounding woodland or agricultural regions, or in a
global model continents in contrast to oceans. More sophisticated approaches include
dynamic adaptation of the spatial grid [8].

Atmospheric transport and reactions can be described using the advection-diffusion-
reaction equation

∂

∂t
c = − ∂

∂x
(uc)− ∂

∂y
(vc)− ∂

∂z
(wc)︸ ︷︷ ︸

advection

+∇
(
ρD∇ c

ρ

)
︸ ︷︷ ︸

diffusion

+ f (x, y, z, t, c)︸ ︷︷ ︸
reaction

(1.1)

with the concentration of a transported quantity c, wind vector (u v w)T , density ρ,
diffusion coefficient D and a reaction term f . The latter may also include sources and
sinks. There are necessary requirements for the numerical solution of this equation. The
preservation of mass is desirable as violation of this property means the introduction
of unintended source terms or sink terms. Even more important is the requirement of
positivity. Since the transported quantity describes a concentration, negative values are
unphysical. Furthermore the reaction equation is usually nonlinear and even small neg-
ative concentrations may lead to positive eigenvalues of the Jacobian of f and thus to
instability.

After spatial discretization the advection part of (1.1) can be solved efficiently us-
ing explicit Runge–Kutta (ERK) time integration methods [5]. These methods have in
common that stability requirements limit the global time step to be smaller than some
critical value proportional to the ratio of grid size and the magnitude of the wind speed
for each cell [7], [23], [50]. Consequently the smallest cell, or more precisely the cell with
the smallest characteristic time determines the global time step.

Multirate time integration methods can be employed to adapt the time step locally so
that slower components take longer and fewer time steps, resulting in a moderate to sub-
stantial reduction of the computational cost, depending on the scenario to simulate [13].
Multirate approaches have been developed since the early 1980s. Osher and Sanders [35]
presented a scheme allowing multirate Euler steps. More current approaches allow for
a wide variety of multirate schemes by proposing generic multirate methods based on
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classical ERKs. In 2005, Tang and Warnecke [45] proposed different multirate schemes
which are however not mass preserving. The approach of Constantinescu and Sandu [7]
yields multirate ERK schemes which are mass preserving and at most of second order
accuracy. In 2007 Hundsdorfer et al. showed that multirate schemes which reduce to
multiple applications of the underlying base method cannot be mass preserving and in-
ternally consistent at the same time [22]. Multirate schemes based on other classes of
methods have also been devised, for instance Multirate explicit Adams methods [37] and
Rosenbrock methods [38]. So called Runge–Kutta–Chebyshev methods have been intro-
duced by Verwer [46]; these methods are explicit Runge–Kutta methods suitable for the
solution of mildly stiff advection-diffusion-reaction equations.

The diffusion and reaction terms in (1.1) on the other hand are usually very stiff and
consequently cannot be solved efficiently using explicit methods. Instead implicit methods
must be employed. Splitting methods solving the non-stiff terms by explicit methods and
the stiff terms by implicit methods are known as implicit/explicit (IMEX) methods [18],
[2]. This class of splitting methods proved efficient for problems which can be split into
non stiff (or mildly stiff) and stiff terms.

The speed up by use of splitting methods instead of monolithic time integration meth-
ods can be estimated by considering how many elements can be solved with which time
step. Both the fraction of elements which require the smallest time step and the spectrum
of relevant characteristic times is strongly problem dependent. For advective transport
the maximum time step size still allowing for stable time integration is determined by the
cell size and the wind speed [23]. For semidiscrete advection with one half of the cells
stably integratable with a time step of ∆tmacro and the other half of cells stably integrat-
able with a time step of ∆tmacro/2 only a speed up of 4/3 can be obtained. If rigorous
grid refinement is employed and/or the transport speed varies greatly in the simulated
domain the potential benefit from using multirate methods is increased. In electronic cir-
cuits there are often comparatively few elements requiring a time step much smaller than
the majority of elements and consequently computational cost can be reduced by a much
larger amount, e.g. a factor of 6 in CPU time for the inverter chain problem examined in
[38].

Splitting strategies can be roughly classified by the underlying methods used and by
the coupling of the different subsystems. The implicit-explicit splitting strategy presented
by Günther et al. in [15] avoids coupling of “active” and “latent” components during one
macro time step; additionally the authors assume that the active components can be
solved efficiently using explicit Runge–Kutta methods while the latent components may
be solved by an implicit Runge–Kutta method. This is opposed to the splitting strategy
presented in this thesis: if an implicit-explcit splitting is constructed as proposed in
Section 3.1.1, only the fastest components are solved by an implicit method; additionally
we assume full coupling of the subsystems. Savcenko et al. propose a multirate strategy
based on Rosenbrock methods for stiff ordinary differential equations [38]. Instead of an
a priori partitioning, the authors propose a dynamic partitioning based on a local error
estimation. The multirate methods we shall present in this thesis are based on explicit
Runge–Kutta methods. Like the methods presented in [45] and [7] they can be represented
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as partitioned explicit Runge–Kutta methods. A distinctive feature of our method is that
it is tailored to advection due to the use of a splitting by fluxes.

Atmospheric models have many degrees of freedom; the operative global weather model
GME uses ≈ 39 · 106 grid points, its small scale counterpart COSMO-DE providing high
resolution short term forecasts for Germany uses ≈ 9.7 · 106 grid points at a horizontal
resolution of 2.8km (http://www.dwd.de/modellierung), where at each grid point a
number of variables as density of air, wind speed, water content etc. are defined. Typical
air pollution simulations are run with fewer grid cells but with more variables per grid cell,
e.g. ≈ 105 grid points and 298 pollutants considered in [20]. This problem size makes the
use of modern high performance computers mandatory. To make use of the computational
power of computer clusters the simulation must be parallelized, i. e. the model must be
decomposed into blocks which then can be processed by different nodes of a cluster.
Usually each block corresponds to a physical volume and holds additional information
about adjacent blocks in a so called halo. This can be interpreted as block-wise boundary
conditions. Coupling of neighboring blocks is implemented by data exchanges. While
sophisticated time integration routines may serve to reduce the overall computational
cost they are more complicated to implement. For a parallel implementation this means
that special care must be taken on distribution of the blocks on the available computing
elements. A sophisticated graph partitioning library often used for this task is Metis or
ParMetis [26] (parallel version). Current versions of ParMetis support so called multi
constraint partitioning [25] which makes it possible to take more complex program flows
into account.

Current research is concerned with parallel implementations suitable to run on very
large numbers of nodes [30]. In the latter case the research is correlated to the development
of a detailed cloud model [16] which uses more than 200 variables per grid point in order to
accurately describe microphysical processes. Another current field of research is general-
purpose computing on graphics processing units (GPGPU) [33, 34], which allows for
high efficiency in terms of floating point operations per second per watt. Data exchange
between central processing units (CPUs) and graphics processing units (GPUs) is however
very costly so that special care has to be taken on implementation.
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Chapter 2

Discretization in space and time

2.1 Advection-diffusion-reaction equations

Let c(x, y, z, t) be a concentration of a species or a vector of species depending on space
coordinates x, y, z and time t. Most commonly used in air pollution models are the fol-
lowing partial differential equations (PDEs) [23]. In the context of air pollution modeling
mixing ratios µ = c/ρ, ρ being the density of the air, are more frequently used than just
the concentrations c. All variables depend on space coordinates x, y, z and time t if not
noted otherwise.

Advection

∂

∂t
c +

∂

∂x
(uc) +

∂

∂y
(vc) +

∂

∂z
(wc) = 0,

∂

∂t
(ρµ) +

∂

∂x
(ρuµ) +

∂

∂y
(ρvµ) +

∂

∂z
(ρwµ) = 0,

describing transport of the species caused by a wind with given velocities u, v and
w along the x, y and z axes respectively.

Diffusion

∂

∂t
c =∇

(
ρD∇ c

ρ

)
,

∂

∂t
(ρµ)=∇ (ρD∇µ) ,

describing propagation of the species due to the mixing ratio gradient ∇µ, para-
meterized with a diffusion coefficient D.
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Reaction

∂

∂t
c =f (x, y, z, t, c) ,

∂

∂t
(ρµ)=f̃ (x, y, z, t, µ, ρ) ,

describing inter species reactions as well as sources and sinks.

All of these mechanisms can be treated simultaneously by composition to a single
advection-diffusion-reaction equation:

∂

∂t
c = − ∂

∂x
(uc) − ∂

∂y
(vc) − ∂

∂z
(wc) +∇

(
ρD∇ c

ρ

)
+ f(x, y, z, t, c),

∂

∂t
(ρµ) = − ∂

∂x
(ρuµ)− ∂

∂y
(ρvµ)− ∂

∂z
(ρwµ) +∇ (ρD∇µ) + f̃(x, y, z, t, µ, ρ).

The boundary conditions may be periodic, e.g. for global models. Other models
operating on a smaller spatial domain employ interpolated results of simulations on a
larger scale. This approach is known as nesting. Initial conditions also vary between
models. They may be given by the results of an earlier simulation, by measurements or
by a combination of both as is the case for operative weather models. More academic
setups employ an analytically obtained stable state of the atmosphere as initial condition.

If no mass is transferred across the boundary of the simulation domain and the reaction
terms involve no sources or sinks these equations lead to a hyperbolic conservation law of
the form ∫

x

∫
y

∫
z

∑
i

kici dz dy dx = const (2.1)

for some constant (ki) which can be deduced from the modeled reaction equations.
If no chemical reactions are modeled the mass conservation law simplifies to read

∀i :

∫
x

∫
y

∫
z

ci dz dy dx = const

indicating that the mass of all contaminants is preserved.

2.2 Spatial discretizations

2.2.1 The method of lines approach

The idea leading to the method of lines (MOL) approach is a separation of spatial and
temporal discretization. In the first step, the equation is discretized only in space, leading
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Figure 2.1: Finite volume discretization.

to a semidiscrete system. A partial differential equation (PDE) can be transformed to a
semidiscrete ordinary differential equation (semidiscrete ODE). The spatially continuous
variable c is approximated by a spatially discrete variable w.

Depending on the specific discretization each element of w may describe the value of c
at a given fixed or variable point in space or the average value of c across a certain volume.
We shall concentrate on the latter approach, known as finite volumes. The elements of
the discretization in one spatial dimension read

wj(t) =
1

hj

∫ xj+1/2

xj−1/2

c(x, t)dx,

hj = xj+1/2 − xj−1/2,

xj =
xj−1/2 + xj+1/2

2
,

with the cell size hj and the cell edges xi±1/2. We shall denote the locations of the cell
midpoints xj with integer indexes, cf. Figure 2.1. Some quantities (e.g. density and
concentrations) will be defined at the cell midpoints while other quantities (e.g. wind
velocity) will be defined at the cell boundaries. This is a so called staggered grid or for
two or more dimensions an Arakawa-C grid [1].

With these definitions we may rewrite the continuous conservation law (2.1) as∑
j

∑
i

kiwjhj = const.

In the context of air pollution modeling the grid often is nonequidistant. It results from
an equidistant grid that is refined in regions of interest and/or coarsened in less important
regions [6]. Thus the grid is piecewise equidistant, a so called Shishkin grid [43]. If not
noted otherwise each cell may have its own individual size.

We first shall describe uniform advection in one dimension with constant wind speed
u = const and assume uniform unit density ρ ≡ 1:

∂

∂t
c = − ∂

∂x
(uc) . (2.2)
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With the above discretization the PDE (2.2) can be transformed to the semidiscrete
flux form [23]

ẇj(t) = − 1

hj

(
fj+1/2 (w(t))− fj−1/2 (w(t))

)
, (2.3)

with the fluxes f at the cell boundaries xj+1/2

fj+1/2 = uwj+1/2.

This can be interpreted so that the temporal evolutions ẇj are the differences of
incoming and outgoing fluxes fj−1/2, fj+1/2, divided by the cell size hj. The division by
the cell volume is correlated to the transformation of a mass flux to a concentration
evolution.

An obvious question is how to define wj+1/2. As a first, crude approach we get the
first order upwind scheme with

wj+1/2 =

{
wj, if u ≥ 0,
wj+1, if u < 0,

leading to

ẇj(t) =

{
− 1
hj

(uwj − uwj−1), if u ≥ 0,

− 1
hj

(uwj+1 − uwj), if u < 0.

This means that a flux leaving a cell is directly proportional to the concentration in
the cell. For varying wind speed u defined at the cell boundaries xi±1/2 and density ρ
defined for each cell the first order upwind scheme reads

fj+1/2 = (ρu)j+1/2

(
w

ρ

)
j+1/2

,(
w

ρ

)
j+1/2

=

{
(wj/ρj), if uj+1/2 ≥ 0,

(wj+1/ρj+1), if uj+1/2 < 0.

It is a mandatory property of asymmetric approaches as (2.4), that the approximation
distinguishes between different signs of the wind vector u, so that the discretizations are
symmetric in the sense of

ẇj (u, (..., wj−1, wj, wj+1, ...)) = ẇj (−u, (..., wj+1, wj, wj−1, ...)) , (2.5a)

or in terms of the fluxes

fj+1/2 (u, (..., wj−1, wj, wj+1, ...)) = fj+1/2 (−u, (..., wj+2, wj+1, wj, ...)) . (2.5b)

Other, more accurate approaches can be constructed via interpolation of the values
of some adjacent cells. We will examine two kinds of interpolation conditions: a cell
averaged condition and a pointwise interpolation.
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Choosing a linear function q for interpolation and requiring that the reconstructed
mass per cell equals the mass as computed from the cell size and the average concentration
we get the interpolation conditions

hjwj =

xj+1/2∫
xj−1/2

q(x− xj+1/2) dx,

hj+1wj+1 =

xj+3/2∫
xj+1/2

q(x− xj+1/2) dx,

which leads to the interpolating polynomial

q(x) =

(
−2
(
x− xj+1/2

)
+ hj+1

)
wj +

(
2
(
x− xj+1/2

)
+ hj

)
wj+1

hj + hj+1

.

For this interpolant the same result can be obtained by pointwise interpolation through
the cell midpoints:

wj = q
(
xj − xj+1/2

)
=q (−hj/2) ,

wj+1 = q
(
xj+1 − xj+1/2

)
=q (hj+1/2) .

Evaluating q at the cell boundary x = xi+1/2 gives the approximation

wj+1/2 = q(0) =
hj+1wj + hjwj+1

hj + hj+1

, (2.6)

called the second order central scheme [23].
Better approximations can be obtained by choosing higher order polynomials. If we

choose a quadratic polynomial p as interpolant

p(x) = a0 + a1

(
x− xj+1/2

)
+ a2

(
x− xj+1/2

)2

and require the reconstruction to be consistent with the finite volumes interpretation we
obtain the conditions

∀k ∈ {j − 1, j, j + 1} :

xk+1/2∫
xk−1/2

p(x)dx = wkhk

or in full:

a0x+
a1

2

(
x− xj+1/2

)2
+
a2

3

(
x− xj+1/2

)3
∣∣∣xj−1/2

xj−3/2

= wj−1hj−1,

a0x+
a1

2

(
x− xj+1/2

)2
+
a2

3

(
x− xj+1/2

)3
∣∣∣xj+1/2

xj−1/2

= wjhj,

a0x+
a1

2

(
x− xj+1/2

)2
+
a2

3

(
x− xj+1/2

)3
∣∣∣xj+3/2

xj+1/2

= wj+1hj+1.

13



Using

xj+1/2 = x−1/2 +

j∑
k=1

hj

we obtain for a0, a1, a2 the system of equations

−a0hj−1 −
a1

2
h2
j−1 − a2

3
h3
j−1 = wj−1hj−1,

a0hj +
a1

2
h2
j +

a2

3
h3
j = wjhj,

a0hj+1 +
a1

2

(
2hjhj+1 + h2

j+1

)
+
a2

3

(
(hj + hj+1)3 − h3

j

)
= wj+1hj+1,

resulting in the third order upwind biased scheme for non-negative advection speed [23]:

wj+1/2 = p(xj+1/2) = a0 = wj + αjwj−1 + βjwj + γjwj+1, (2.7)

αj = − hjhj+1

(hj−1 + hj)(hj−1 + hj + hj+1)
,

βj = −
hj
(
(hj−1 + hj)

2 − hjhj+1 − h2
j+1

)
(hj−1 + hj)(hj + hj+1)(hj−1 + hj + hj+1)

,

γj =
hj(hj−1 + hj)

(hj + hj+1)(hj−1 + hj + hj+1)
.

From (2.5) and (2.7) we obtain the approximation for negative advection speed

wj+1/2 = wj+1 + αjwj+2 + βjwj+1 + γjwj.

If we choose a quadratic interpolant p̃ but interpolate pointwise through the midpoints:

∀k ∈ {j − 1, j, j + 1} : p̃(xk) = wk,

we obtain

wj+1/2 = p̃(xj+1/2) = wj + α̃jwj−1 + β̃jwj + γ̃jwj+1, (2.8)

α̃j = − hjhj+1

(hj−1 + hj) (hj−1 + 2hj + hj+1)
,

β̃j = − hj (hj−1 + hj − hj+1)

(hj−1 + hj) (hj + hj+1)
,

γ̃j =
hj (hj−1 + 2hj)

(hj−1 + hj) (hj−1 + 2hj + hj+1)
,

for non-negative advection speed and by (2.5)

wj+1/2 = wj+1 + α̃jwj+2 + β̃jwj+1 + γ̃jwj

14



for negative advection speed. For equidistant grids with

hj ≡ h

Equations (2.6), (2.7) and (2.8) can be summarized in the κ−family [21]:

wj+1/2 =


wj +

1− κ
4

(wj − wj−1) +
1 + κ

4
(wj+1 − wj) , if uj+1/2 ≥ 0,

wj+1 +
1− κ

4
(wj+1 − wj+2) +

1 + κ

4
(wj − wj+1) , if uj+1/2 < 0,

(2.9)
with κ = 1 for (2.6), κ = 1/3 for (2.7) and κ = 1/2 for (2.8).

Further approximations can be obtained using higher order polynomials requiring a
larger stencil or a completely different family of functions for interpolation or approxi-
mation of the (wj+1/2, xj+1/2). However there is no perfect spatial discretization, since
every single one is a compromise between smoothness, in the ideal case leading to strict
positivity, and accuracy [21]. Positivity means that no cell average concentration wj at
any time may be negative if the cell average concentration given by the initial condition
are non-negative

∀j : wj(t = 0) ≥ 0 ⇒ ∀t : ∀j : wj(t) ≥ 0. (2.10)

This is important if w models concentrations which must be positive to have any physical
validity. A further requirement is that the discretization is total variation diminishing
(TVD), i.e. the total variation semi-norm TV must decrease in time:

TV (t) =
∑
j

|wj(t)− wj−1(t)|,

∀t, τ > 0 : TV (t+ τ) < TV (t).

For instance the first order upwind scheme guarantees positivity while being not very
accurate and very diffusive, i.e. details of the solution are lost. The higher order schemes
on the other hand lead to improved accuracy and are far less diffusive. They do however
introduce spurious oscillations leading to violation of positivity and to an increase of the
total variation. Consider for instance application of the κ-family of semi-discretizations
on an equidistant grid ∀j : hj = h, uniform positive wind speed ∀j : uj+1/2 = u > 0 and
the following profile:

w = (... w1 w2 w3 w4 w5 w6 w7 ...)T

= (... 1 1 0 0 1 1 1 ...)T ,

ẇ = (... 0 u(κ+1)
4h

−u(κ−2)
2h

− u
2h

u(κ−2)
2h

−u(κ−1)
4h

0 ...)T .

Obviously the discretization creates a negative value independent of the specific choice of
κ since w4 = 0 and ẇ4 = − u

2h
< 0. Further the total variation increases as for κ ∈ [0, 1]

we find

d

dt
TV = |ẇ2|+ |ẇ3 − ẇ2|+ |ẇ4 − ẇ3|+ |ẇ5 − ẇ4|+ |ẇ6 − ẇ5|+ |ẇ6| =

u

h

(
9− 5κ

2

)
> 0.
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A requirement often found is mass conservation:

∀t :
∑
j

hjwj(t) = const =
∑
j

hjwj(t = 0)

resp.

∀t :
∑
j

hjẇj(t) = 0.

Obviously, the semidiscrete flux equation (2.3) satisfies this condition with any approx-
imation of the intermediate values, since the fluxes leaving one cell always enter one of
the neighboring cells, depending on the sign of the advection speed, so that∑

j

hjẇj =
∑
j

fj−1/2 −
∑
j

fj+1/2 = 0.

2.2.2 Flux limiting

To guarantee positivity of the solution independent of the previous time step the flux can
be limited. A possible interpretation of the higher order schemes is an additive correction
of the first order upwind scheme [3], the oscillations caused by unlimited higher order
schemes from that point of view becoming some kind of overcompensation.

We will rewrite the above discretizations in terms of the slope

wj − wj−1,

indicating the approximated spatial gradient of the variable at xj−1/2 and the slope ratio

rj+1/2 =
wj+1 − wj
wj − wj−1

,

which is a measure for the curvature of w at xj. For locally smooth profiles we have
rj+1/2 ≈ 1, whereas at extrema the slope ratio becomes negative

wj−1 < wj > wj+1 ∨ wj−1 > wj < wj+1 ⇒ rj+1/2 < 0.

In the slope ratio formulation, the κ-scheme (2.9) can be cast as

wj+1/2 =

{
wj + 1

2
K
(

rj+1/2

)
(wj − wj−1), if uj+1/2 ≥ 0,

wj+1 + 1
2
K
(
1/rj+3/2

)
(wj+1 − wj+2), if uj+1/2 < 0,

(2.11)

with

K (r) =
1− κ

2
+

1 + κ

2
r.

We will now replace the correction term K
(
rj+1/2

)
by a limiter function φj+1/2 so that

for non-negative advection speed we have

wj+1/2 = wj +
1

2
φj+1/2 · (wj − wj−1) . (2.12)
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Figure 2.2: TVD region for limiters.

According to [21] a positive semidiscrete solution is guaranteed if the limiter function
satisfies:

rj+1/2 ≤ 0⇒ φj+1/2 = 0,

0 ≤ φj+1/2 ≤ δ, (2.13)

φj+1/2 ≤ 2rj+1/2

for some δ > 0. Thus in particular the first order upwind scheme (2.4) that corresponds
to (2.12) with δ → 0, is positive.

Zvan et al. [50] derived conditions for a semidiscretization to be total variation di-
minishing. These conditions exactly match the above conditions (2.13) for positivity.
Additionally the authors introduced conditions to guarantee second order accuracy of a
TVD scheme:

rj+1/2 ≤ φ(rj+1/2) ≤ max(2rj+1/2, 1), if 0 ≤ rj+1/2 ≤ 1,

1 ≤ φ(rj+1/2) ≤ max( rj+1/2, 2), if 1 ≤ rj+1/2. (2.14)

Conditions (2.13) and (2.14) can be illustrated as shown in Figure 2.2. Defining

φj+1/2 = φ(rj+1/2) := max
(
0,min

(
2rj+1/2, δ,K(rj+1/2)

))
, (2.15)

so that the interval in r, in which φ(r) = K(r) is maximized, and choosing δ = 2, we
obtain the limited, or positive, third order upwind biased scheme for positive advection
speed and equidistant grids [23]:

wj+1/2 = wj + max

(
0,min

(
rj+1/2, 1,

1

6
+

1

3
rj+1/2

))
(wj − wj−1) ,

as well as the positive 1/2-scheme [23]:

wj+1/2 = wj + max

(
0,min

(
rj+1/2, 1,

1

4
+

3

4
rj+1/2

))
(wj − wj−1) .
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Obviously, the limiter (2.15) switches between the first order upwind scheme (φ(r) = 0),
the second order central scheme for equidistant grids (φ(r) = r) and the according
κ-scheme (φ(r) = K(r)), using the latter whenever possible and reverting to the first
order scheme only at extrema (r ≤ 0 ⇒ φ(r) = 0).

For non-equidistant grids the spatial discretization has to be adjusted. Berger et al.
[3] derived conditions for slope limiters on irregular grids to get a TVD scheme. In the
context of flux limiting these conditions can be expressed as

min

(
2rj+1/2

hj
hj + hj+1

,
hj

hj−1 + hj

)
≤ φ(rj+1/2) ≤ min

(
2, 2rj+1/2

)
. (2.16)

Additionally, Berger et al. derived a linearity preserving condition:

φ

(
hj + hj+1

hj−1 + hj

)
=

2hj
hj−1 + hj

. (2.17)

If this condition is met, data which is linear with respect to the spatial coordinate x:

wj − wj−1

xj − xj−1

=
wj+1 − wj
xj+1 − xj

will remain linear as the reconstructed value (xj+1/2, wj+1/2) is obtained via linear inter-
polation of (xj, wj) and (xj+1, wj+1).

It can be shown that substituting the equidistant κ-scheme with its nonequidistant
equivalent results in a scheme satisfying both (2.16) and (2.17).

We transform (2.7) to obtain the approximation wj+1/2 in the slope ratio formulation:

wj+1/2 = wj + αjwj−1 + βjwj + γjwj+1

= wj − (wj − wj−1)αj + (wj+1 − wj)γj + wj (αj + βj + γj)︸ ︷︷ ︸
≡0

= wj +

(
−αj + γj

wj+1 − wj
wj − wj−1

)
(wj − wj−1)

= wj +
(
−αj + γjrj+1/2

)
(wj − wj−1),

K̃j(r) = 2 (−αj + γjr)

with αj, γj as defined in (2.7) for the 1/3-scheme or (2.8) for the 1/2-scheme respectively.
The limiters resulting in the positive κ-schemes now read

φ(rj+1/2) = max
(
0,min

(
rj+1/2, δ, 2

(
−αj + γjrj+1/2

)))
. (2.18)

2.2.3 Extension to higher dimensions

Up to this point we discussed spatial discretizations in only one dimension. From a general
point of view we approximated the fluxes across cell boundaries by linear combinations
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of functions of known cell values:

∂

∂t
c = − ∂

∂x
f(c),

wi =
1

∆x

xi+1/2∫
xi−1/2

c dx,

fi+1/2 =
∑
k

αkf (wi+k),

ẇj = −
fi+1/2 − fi−1/2

∆x
,

where the weights α define the spatial discretization. To extend this to higher dimensions,
we employ a so called split dimensional approach. Consider a general two dimensional
transport equation:

∂

∂t
c = − ∂

∂x
fx(c)−

∂

∂y
fy(c).

Assuming the grid is regular we may employ the discretization in space on the x and the
y axes separately:

w̃i(y, t) =
1

∆xi

∫ xi+1/2

xi−1/2

c(x, y, t) dx,

wi,j(t) =
1

∆yj

∫ yj+1/2

yj−1/2

w̃i(y, t) dy,

=
1

∆xi∆yj

∫ yj+1/2

yj−1/2

∫ xi+1/2

xi−1/2

c(x, y, t) dx dy

∆xi = xi+1/2 − xi−1/2,

∆yj = yj+1/2 − yj−1/2,

xi =
xi−1/2 + xi+1/2

2
,

yj =
yj−1/2 + yj+1/2

2
.

The fluxes across cell boundaries are then approximated by linear combinations

fi+1/2,j =
∑
k

α
(x)
k fx (wi+k,j),

fi,j+1/2 =
∑
k

α
(y)
k fy (wi,j+k).

The superscripts of the αk shall emphasize that different spatial discretizations may be
employed along different main axes. The evolution tendency of the cell – or more precisely:
the average cell concentration – now reads

ẇi,j = −
fi+1/2,j − fi−1/2,j

∆x
−
fi,j+1/2 − fi,j−1/2

∆y
.
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w4,6

f

w3,4

w3,3

w4,4

w4,3

w4,8

Figure 2.3: Illustration of a two dimensional, locally regular grid.

In two or more spatial dimensions local grid refinement becomes challenging. The
originally regular grid then is only locally regular, see Figure 2.3. There are also cell faces
which belong to one cell on one side and to two or more cells on the other side and which
require special treatment. For instance the flux f in Figure 2.3 may be approximated in
different ways by either computing two fluxes and averaging or by computing one flux
from averaged cell values:

f̃ (1) = (F (..., w3,3, w3,4, w4,6, w4,8, ...) + F (..., w4,3, w4,4, w4,6, w4,8, ...)) /2,

f̃ (2) = F

(
...,

w3,3 + w4,3

2
,
w3,4 + w4,4

2
, w4,6, w4,8, ...

)
.

For linear functions F we have f̃ (1) = f̃ (2), but for nonlinear functions as e.g. arising from
(2.18) the results vary. Furthermore conservation of mass is guaranteed only if the flux
contributing to the source term of ẇ4,6 equals the flux contributing to the sink terms of
ẇ3,4 and ẇ4,4.

There are other approaches for obtaining a good spatial discretization which depending
on the context may mean high accuracy or small anisotropy. But these approaches require
information on the time step size or even completely compound spatial and temporal
discretization. As such they fall outside of the method of lines framework and shall not
be considered here.

20



2.3 Runge–Kutta methods

Given an initial value problem

ẇ = F (t, w), w(t0) = w0, (2.19)

a Runge–Kutta method advances the state of the system from wn ≈ w(tn) to wn+1 ≈ w(tn+1)
with tn+1 = tn + ∆t by reformulation to

w(t+ ∆t) = w(t) +

t+∆t∫
t

F (t̃, w(t̃))dt̃,

and approximation of the integral by a suitable combination of discrete stages [23]:

wn+1 = wn + ∆t
s∑
j=1

bjF (tn + cj∆t,Wn,j),

∀i ∈ {1, ..., s} : Wn,i = wn + ∆t
s∑
j=1

aijF (tn + cj∆t,Wn,j),

with stage vectors Wn,i ≈ w(tn + ∆tci), (i = 1, ..., s). To keep the notation simple we
omit the time step index for the stage vectors from now on, even though the dependency
is still implicitly given.

The coefficients (aij), (bi), (ci) or a Runge–Kutta method are often arranged in a so-
called Butcher tablaux [5] (see Table 2.1). The parameter s is called the number of stages,
the (ci)i=1,...,s are called the nodes of the method. The (bj)j=1,...,s are sometimes called the
summation weights. If the Runge–Kutta coefficients aij satisfy

∀j ≥ i : aij = 0,

the method is called explicit, which means that the Wj depend only on the previously
calculated Wj′ , j′ < j. Usually the ci satisfy ci =

∑s
j=1 aij. If this row sum condition

general for explicit methods
c1 a11 a12 · · · a1,s

c2 a21 a22 · · · a2,s
...

...
...

. . .
...

cs as,1 as,2 · · · as,s
b1 b2 · · · bs

c1

c2 a21
...

...
. . .

cs as,1 · · · as,s−1

b1 · · · bs−1 bs

Table 2.1: Butcher tableaus.
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0 0
1

0
1 1

1/2 1/2

0
1/2 1/2

0 1

0
1/2 1/2
1 1/2 1/2

1/3 1/3 1/3
(RK1) (RK2a) (RK2b) (RK32)

Euler forward explicit Runge’s Optimal 3-stage
trapezoidal rule method 2nd order method [14]

0
1/3 1/3
2/3 0 2/3

1/4 0 3/4

0
1 1

1/2 1/4 1/4
1/6 1/6 2/3

0
1/2 1/2
1/2 0 1/2
1 0 0 1

1/6 1/3 1/3 1/6
(RK3a) (RK3b) (RK4)

Heun’s third classical fourth
order method order method

Table 2.2: Explicit Runge–Kutta methods.

holds and t′ = 1 then (2.19) simplifies to the autonomous system w′ = f(w), for which
we actually try to approximate the Taylor series expansion [10]

w(t+ ∆t) = w(t) + ∆tF (w(t)) + ...+
∆tp

p!
F (p) (w(t)) +O

(
∆tp+1

)
.

If all terms up to order p equal the Taylor series expansion of the exact solution, then
the method is said to be cosistent of order p or short of order p. The simplest explicit
method is the so called forward Euler method (RK1), being first order accurate:

wn+1 = wn + ∆tF (tn, wn) . (2.20)

The parameters of some further explicit methods are listed in Table 2.2. The order of a
Runge–Kutta method can be determined formally by examination of the Runge–Kutta
coefficients (aij), (bi), (ci) [4].

A means to examine the stability of time integration methods is the so called von
Neumann stability analysis. Starting point is a linear initial value problem

ẏ(t) = λy, y(t = 0) = 1, λ ∈ C, (2.21)

whose exact solution is given by

y(t) = eλt.

Applying a time integration method with a time step of ∆t to (2.21) we obtain the
stability function R(λ∆t) ≈ y(∆t) to the exact solution y(∆t). The stability region S is
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then defined as the subset of the complex plane for which y is not amplified by numerical
integration or in terms of R:

S = {z ∈ C : |R(z)| ≤ 1}.

Stability for a linear system of equations can be examined by consideration of an initial
value problem

Ẏ = A · Y, Y (t = 0) = I ∈ RN×N , L ∈ RN×N , (2.22)

with I denoting the N × N identity matrix. Numerical solution of system (2.22) gives
a matrix R̄(A∆t), the so called amplification matrix. If A is a normal matrix with
eigenvalues (λn)n=1,...,N then [23]

‖R̄(A∆t)‖2 = max
1≤n≤N

|R(λn∆t)|,

with ‖ · ‖ denoting the spectral norm.
We may now examine the case that A represents a linear advection operator with

periodic boundary conditions. For this we consider one Fourier mode of the spatially
discrete (wk)k=1,...,N :

wk(t) = rne
2πinxk ,

or for an equidistant grid with N cells on the unit interval xk = k · h = k/N :

wk(t) = rne
2πinhk. (2.23)

Inserting (2.23) into the first order upwind scheme (2.4) for uniform non-negative wind
speed u ≥ 0 we obtain the temporal evolution of the Fourier mode:

ẇk(t) = −u
h

(wk(t)− wk−1(t)) ,

ṙne
2πink/N = −u

h

(
rne

2πink/N − rne2πin(k−1)/N
)
,

ṙn = −rn
u

h

(
1− e−2πin/N

)
.

Solving this system with a time integration scheme with stability function R(z) we obtain
the amplification of this Fourier mode

Ampn(∆t) =
∣∣∣R(−∆t

u

h

(
1− e−2πin/N

))∣∣∣ .
The factor ∆tu/h =: ν is called the Courant number. The full discretization is stable if
the amplification for all Fourier modes is smaller than or equal to one:

Amp = max
1≤n≤N

∣∣R (−ν (1− e−2πin/N
))∣∣ ≤ 1.

In this manner we can find a maximum Courant number for pairs of spatial discretization
and time integration scheme. Some examples are given in Table 2.3. Note that RK2a and
RK2b have the same stability function and thus behave identically for linear problems.
The same holds for RK3a and RK3b.
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RK1 RK2a RK32 RK3a RK4
RK2b RK3b

first order upwind (2.4) 1.00 1.00 2.00 1.26 1.39
second order central (2.6) - - - 1.73 2.83
third order upwind (2.7) - 0.87 1.26 1.63 1.75
second order upwind (2.8) - 0.79 1.14 1.85 2.03

Table 2.3: Numerically determined maximum Courant numbers for some advection dis-
cretizations and explicit Runge–Kutta methods given in Table 2.2.

2.3.1 Partitioned Runge–Kutta methods

Partitioned Runge–Kutta (PRK) methods apply different Runge–Kutta methods on dif-
ferent partitions of the equation. This provides a theoretical framework for the examina-
tion of the partitioned schemes introduced later. To apply a partitioned method to an
equation, the equation must be split. There are two splitting paradigms, leading to equiv-
alent results: a splitting by components and a splitting of the right hand side. Consider
an autonomous differential equation

ẇk = Fk(w),

with spatial index k ∈ K for a set of indexes K = {1, ...,m}. To obtain a bipartite
splitting by components we define

w =

(
w(1)

w(2)

)
,

w(i) = {wk : k ∈ Ki} ,

ẇ =

(
F̃ (1)

(
w(1), w(2)

)
F̃ (2)

(
w(1), w(2)

) ) ,
F̃

(l)
k

(
w(1), w(2)

)
=

{
Fk

((
w(1)

w(2)

))
: k ∈ Kl

}
,

with a partitioning of the indexes

K = K1 ∪K2; K1 ∩K2 = ∅.

A partitioned Runge–Kutta method (PRK) consists of two or more Runge–Kutta methods
with potentially different parameters (a, b, c) but equal number of stages s. Applying a
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bipartite PRK on the partitioned system we obtain

w
(1)
n+1 = w(1)

n + ∆t
s∑
j=1

b
(1)
j F̃ (1)

(
W

(1)
j ,W

(2)
j

)
,

∀i ∈ {1, ..., s} : W
(1)
i = w(1)

n + ∆t
s∑
j=1

a
(1)
i,j F̃

(1)
(
W

(1)
j ,W

(2)
j

)
,

w
(2)
n+1 = w(2)

n + ∆t
s∑
j=1

b
(2)
j F̃ (2)

(
W

(1)
j ,W

(2)
j

)
,

∀i ∈ {1, ..., s} : W
(2)
i = w(2)

n + ∆t
s∑
j=1

a
(2)
i,j F̃

(2)
(
W

(1)
j ,W

(2)
j

)
.

This splitting may equivalently be expressed as a splitting of the right hand side:

ẇ = F̄ (1)(w) + F̄ (2)(w),

F̄
(l)
k (w) =

{
Fk(w) if k ∈ Kl,
0 otherwise.

Again applying the general PRK we obtain

wn+1 = wn + ∆t
s∑
j=1

b
(1)
j F̄ (1)(Wj) + ∆t

s∑
j=1

b
(2)
j F̄ (2)(Wj), (2.24a)

∀i ∈ {1, ..., s} : Wi = wn + ∆t
s∑
j=1

a
(1)
ij F̄

(1)(Wj) + ∆t
s∑
j=1

a
(2)
ij F̄

(2)(Wj). (2.24b)

The equivalency of these splitting approaches can easily be shown using the following
relation:

F̄ (1)(w) =

(
F̃ (1)

(
w(1), w(2)

)
0

)
,

F̄ (2)(w) =

(
0

F̃ (2)
(
w(1), w(2)

) ) .
A more formal examination of this equivalency is given by Ascher et al. in [2]. The
difference of those splittings is that the F̄ (i) formally are defined on all indexes (though
they may have finite supports), whereas the F̃ (i) operate on disjoint index sets.

As for non-partitioned Runge–Kutta methods, formal order conditions can be derived
[24]. These conditions consist of the classical order conditions for the individual Runge–
Kutta methods and additional coupling conditions. The order conditions for bipartite
PRKs are as follows

Order 1 - classical:
s∑
i=1

b
(1)
i =

s∑
i=1

b
(2)
i = 1.
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Order 2 - classical:
s∑
i=1

b
(1)
i c

(1)
i =

s∑
i=1

b
(2)
i c

(2)
i = 1/2.

Order 2 - coupling:
s∑
i=1

b
(1)
i c

(2)
i =

s∑
i=1

b
(2)
i c

(1)
i = 1/2.

Order 3 - classical:

s∑
i=1

b
(1)
i

(
c

(1)
i

)2

=
s∑
i=1

b
(2)
i

(
c

(2)
i

)2

=
1

3
,

s∑
i=1

s∑
j=1

b
(1)
i a

(1)
i,j c

(1)
j =

s∑
i=1

s∑
j=1

b
(2)
i a

(2)
i,j c

(2)
j =

1

6
.

Order 3 - coupling:

s∑
i=1

b
(2)
i

(
c

(1)
i

)2

=
s∑
i=1

b
(1)
i

(
c

(2)
i

)2

=
1

3
,

s∑
i=1

s∑
j=1

b
(2)
i a

(1)
i,j c

(1)
j =

s∑
i=1

s∑
j=1

b
(1)
i a

(2)
i,j c

(2)
j =

1

6
,

s∑
i=1

b
(1)
i

(
c

(1)
i − c

(2)
i

)2

=
s∑
i=1

b
(2)
i

(
c

(1)
i − c

(2)
i

)2

= 0,

s∑
i=1

b
(1)
i c

(1)
i

(
c

(1)
i − c

(2)
i

)
=

s∑
i=1

b
(2)
i c

(2)
i

(
c

(1)
i − c

(2)
i

)
= 0,

s∑
i=1

s∑
j=1

b
(1)
i a

(1)
i,j

(
c

(1)
j − c

(2)
j

)
=

s∑
i=1

s∑
j=1

b
(2)
i a

(1)
i,j

(
c

(1)
j − c

(2)
j

)
= 0,

s∑
i=1

s∑
j=1

b
(1)
i a

(2)
i,j

(
c

(1)
j − c

(2)
j

)
=

s∑
i=1

s∑
j=1

b
(2)
i a

(2)
i,j

(
c

(1)
j − c

(2)
j

)
= 0.

Both implicit/explicit (IMEX) methods and multirate methods based on Runge–Kutta
methods can be cast as PRKs. An IMEX-PRK has the property that one partition is
explicit while the other one is implicit:

∀i : ∀j ≥ i : a
(1)
i,j = 0, (2.25a)

∃i : ∃j ≥ i : a
(2)
i,j 6= 0. (2.25b)

This class of methods has been examined for instance by Ascher et al. in [2]. A multirate
PRK on the other hand is characterized by the relative computational cost and the relative
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stability of the methods. Ideally if method (1) requires E
(1)
RHS evaluations of the right hand

side and is stable for a given ODE and a time step of ∆t ≤ ∆t
(1)
max then method (2) should

be stable for a time step of ∆t ≤ ∆t
(2)
max = m∆t

(1)
max while requiring E

(2)
RHS = m · E(1)

RHS

evaluations of the right hand side for some value m. Multirate methods based on explicit
Runge–Kutta methods have been presented for instance in [35] and [45]. A class of generic
multirate methods have been presented by Constantinescu and Sandu in [7]. Following
the nomenclature of Hundsdorfer [22] we call a multirate scheme a true multirate scheme
if the methods reduce to multiple applications of a base method if employed separately.

In Section 3.2.2 we shall demonstrate how to construct parameters for PRKs arising
from the generic splitting scheme. The order analysis for this class of methods shall be
carried out in terms of these PRK parameters in Section 3.3.
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Chapter 3

A generic splitting scheme

3.1 Recursive Flux Splitting Multirate

In this section we shall discuss formal properties of a generic splitting approach. The
approach was first outlined in a paper by Knoth and Wolke [29]. The authors proposed
an IMEX splitting similar to the general splitting to be discussed in Section 3.1.1 and for
formal analysis assumed exact solution of the implicit part of the equation. In the course
of my Diploma thesis we examined the use of explicit Runge–Kutta methods instead of
the exact solution and thus constructed an explicit multirate scheme. As conservation of
mass was a central requirement we chose to combine this class of methods with a splitting
by fluxes as described in Section 3.2.1. The resulting class of methods was named the
Recursive Flux Splitting Multirate scheme (RFSMR) [39]. In [40] we presented a more
general splitting from which multirate-IMEX methods could be constructed.

3.1.1 General splitting

We shall now describe a generic splitting approach. Consider a differential equation

ẇ = F (w) +G(w).

Here G represents advection with comparatively low Courant numbers. The other term,
F , may represent diffusion-reaction or advection with higher Courant numbers. For easier
readability the terms associated with explicit methods will always be denoted by G, later
with superscript indexes. The starting point is an explicit Runge–Kutta method (ERK)
with s stages and parameters (aij, bj, ci), i ∈ 1, ..., s, j ∈ 1, ..., s in common notation. Sub-
sequently we shall call this method the outer method. For this outer method it is a strict
requirement that ∀i : ci =

∑s
j=1 aij. We extend the notation by defining

as+1,j := bj, (3.1a)

cs+1 :=
s∑
j=1

as+1,j =
s∑
j=1

bj, (3.1b)
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c1 = 0 c2 c3 = c2

t0 t0 + ∆tc2

cs cs+1 = 1

Outer method

Inner method

r2

t0 + ∆tcs t0 + ∆t

rs+1r4, ..., rs
correction

step

Figure 3.1: Illustration of one time step for generic method.

thus avoiding a separate treatment of the summation stage. The idea of the general
splitting can be illustrated as shown in Figure 3.1. Note that we always have c1 = 0
since the outer method is an explicit Runge–Kutta method; we have cs+1 = 1 for methods
which are at least first order consistent. The equality c2 = c3 on the other hand was
chosen for illustration purposes. We treat the stage values Wi as approximations to the
real solution according to

Wi ≈ w (t0 + ∆tci) ,

and integrate “from node to node” with a further method which we shall call inner
method. If two successive nodes differ ci−1 6= ci, the outer method affects the inner
method via a stage specific source term ri. If on the other hand two successive nodes
are equal the outer method affects the inner method via the initial condition of the next
integration interval. We shall call this a correction step.

The algorithm for computing an approximate solution w1 at time t1 from a state w0

at time t0 can be cast as follows.

W1 = w0,

ri =
i−1∑
j=1

(aij − ai−1,j)G (Wj) ,

vi(0) = Wi−1, (3.2a)

dvi
dτ

= ∆tri + ∆t (ci − ci−1)F (vi)︸ ︷︷ ︸
(∗)

, τ ∈ [0, 1] , i = 2, ..., s+ 1, (3.2b)

Wi = vi(1), (3.2c)

w1 = Ws+1.

For stages i with ci = ci−1 (i.e. for the correction steps) the term (∗) becomes zero so
that (3.2) simplify to

Wi = Wi−1 + ∆t
i−1∑
j=1

(aij − ai−1,j)G (Wj).

For F ≡ 0 the term (∗) is zero for all stages so that we obtain the classical ERK with the
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parameters of the outer method approximating the solution of ẇ = G(w):

W1 = w0,

Wi = Wi−1 + ∆t
i−1∑
j=1

(aij − ai−1,j)G (Wj),

= W1 + ∆t
i−1∑
j=1

aijG (Wj),

w1 = Ws+1.

Generally equation (3.2b) may be solved using an arbitrary inner method. If an
implicit Runge–Kutta method is employed we obtain an IMEX splitting in the sense of
(2.25), employing an explicit Runge–Kutta method leads to an explicit multirate method.
By recursive application a multirate method with more than two temporal refinement
levels or a multirate-IMEX splitting can be constructed.

3.1.2 Construction of PRKs

We shall now examine the case that the inner method is a Runge–Kutta method. To
allow for a distinction of the method parameters we denote the parameters of the inner
method by a superscript “I” opposed to the parameters of the outer method denoted by
a superscript “O”. The full method then reads:

W1 = w0, (3.3a)

ri =
i−1∑
j=1

(
aO
ij − aO

i−1,j

)
G (Wj), (3.3b)

Vi,1 = Wi−1, (3.3c)

Vi,k = Vi,k−1 + ∆t
(
cI
k − cI

k−1

)
ri (3.3d)

+ ∆t
(
cO
i − cO

i−1

) sI∑
l=1

(
aI
kl − aI

k−1,l

)
F (Vi,l) ,

= Vi,k−1 + ∆t
(
cI
k − cI

k−1

) i−1∑
j=1

(
aO
ij − aO

i−1,j

)
G (Wj) (3.3e)

+ ∆t
(
cO
i − cO

i−1

) sI∑
l=1

(
aI
kl − aI

k−1,l

)
F (Vi,l) ,

i = 2, ..., sO + 1, k = 2, ..., sI + 1, (3.3f)

Wi = Vi,sI+1, (3.3g)

w1 = WsO+1. (3.3h)

While the inner method may be implicit it follows from (3.3c) and (3.3g) that

∀i ∈ {2, ..., sO + 1} : Vi,1 = Wi−1 = Vi−1,sI+1,
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3+
√

3
6

3+
√

3
6

3−
√

3
6

− 1√
3

3+
√

3
6

1/2 1/2

0 0
3+
√

3
6

0 3+
√

3
6

3−
√

3
6

0 − 1√
3

3+
√

3
6

0 1/2 1/2
(SDIRK3)

Table 3.1: A singly diagonal 2-stage 3rd order implicit Runge–Kutta method (left) and
an equivalent method with c1 = 0 (right).

which is satisfied only if cI
1 = cI

sI+1−1 = 0. This is no real restriction since for every inner

Runge–Kutta method of at least first order accuracy we have cI
sI+1 = 1. Furthermore for

every Runge–Kutta method we can construct an equivalent Runge–Kutta method with
c1 = 0 by inserting a redundant stage, see Table 3.1 for an example.

In the context of multirate methods we shall call the sub method applied on G the
slow method opposed to the method applied on F which shall be called the fast method.
This corresponds to G describing transport with a lower Courant number than F . The
complete partitioned method is a true multirate method in the sense that it reduces to
multiple applications of the inner base method with a smaller time step if G ≡ 0. This
point of view motivates the notion of the time step ratio R, that is the number of micro
time steps per macro time step. Formally the time step ratio depends solely on the nodes
cO
i of the outer method. The inner method is executed sO times with time step sizes of
{∆t(cO

2 − cO
1 ),∆t(cO

3 − cO
2 ), ...}. This is no severe limitation however as the inner method

may be replaced by a composition of n steps of relative step size 1/n, see Table 3.2 for
an example.

To allow for a formal analysis of this class of multirate methods in a well-established
framework we write algorithm (3.3) as a partitioned Runge–Kutta method.

W1 = w0,

Wi = w0 + ∆t
s∑
j=1

a
(1)
i,jG(Wj) + ∆t

s∑
j=1

a
(2)
i,j F (Wj) (3.4a)

= Wi−1 + ∆t
s∑
j=1

(
a

(1)
i,j − a

(1)
i−1,j

)
G(Wj) (3.4b)

+ ∆t
s∑
j=1

(
a

(2)
i,j − a

(2)
i−1,j

)
F (Wj), i = 2, ..., s+ 1,

w1 = Ws+1,

with suitable parameters (a
(1)
i,j )i,j=1,...,s and (a

(2)
i,j )i,j=1,...,s. To construct the PRK parame-

ters we employ a matrix notation as follows:
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Am =


am1,1 am1,2 am1,3 · · ·
am2,1 am2,2 am2,3 · · ·
am3,1 am3,2 am3,3 · · ·

...
...

...
. . .

 ,

bm = (bm1 bm2 bm3 · · · ) ,
cm = (cm1 cm2 cm3 · · · )T ,

for a superscript m ∈ {O, I, (1), (2)} indicating a method. Additionally we define a
transformation:

Am = L∆Am, L =


1 0 0 · · ·
1 1 0 · · ·
1 1 1

. . .
...

...
...

. . .

 ,

∆Am = L−1Am, L−1 =


1
−1 1

−1 1
. . . . . .

 .

The matrices A(1) and A(2) correspond to the classical notation (3.4a), while the ma-
trices ∆A(1) and ∆A(2) correspond to the incremental notation (3.4b). We shall construct
the parameters in incremental form. Defining the sI × sI auxiliary matrices

∆AI = L−1AI,

∆BI =


bI

1 − aI
sI,1 · · · bI

sI − a
I
sI,sI

0 · · · 0
...

. . .
...

0 · · · 0

 ,

∆CI =

 cI
1 − cI

0 0 · · ·
cI

2 − cI
1 0 · · ·

...
...

. . .

 ,

∆M =

 1 0 · · ·
0 0 · · ·
...

...
. . .

 ,

we may deduce from (3.3e) the parameters of the slow method

∆A(1) =

 (aO
1,1 − aO

0,1)∆M + (aO
2,1 − aO

1,1)∆CI

(aO
2,1 − aO

1,1)∆M + (aO
3,1 − aO

2,1)∆CI (aO
2,2 − aO

1,2)∆M + (aO
3,2 − aO

2,2)∆CI

...
...

. . .

 ,
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and the parameters of the fast method

∆A(2) =


(cO

2 − cO
1 )∆AI

(cO
2 − cO

1 )∆BI (cO
3 − cO

2 )∆AI

(cO
3 − cO

2 )∆BI . . .
. . .

 .

To construct the parameters in classical notation Aslow = L∆Aslow and Afast = L∆Afast

we first transform the auxiliary matrices:

AI = L∆AI,

BI =

 bI
1 · · · bI

sI
...

. . .
...

bI
1 · · · bI

sI

 ,

CI = L∆CI,

M = L∆M =

 1 0 · · ·
1 0 · · ·
...

...
. . .

 ,

where BI is defined differently from the other matrices so that

L


∆AI

∆BI ∆AI

∆BI ∆AI

. . . . . .

 =


AI

BI AI

BI BI AI

...
...

. . . . . .

 .

We may now write the parameters of the method in classical notation, directly corre-
sponding to Butcher tableaus:

A(1) = L∆A(1) =

 aO
1,1M + (aO

2,1 − aO
1,1)CI

aO
2,1M + (aO

3,1 − aO
2,1)CI aO

2,2M + (aO
3,2 − aO

2,2)CI

...
...

. . .

 ,

A(2) = L∆A(2) =


(cO

2 − cO
1 )AI

(cO
2 − cO

1 )BI (cO
3 − cO

2 )AI

(cO
2 − cO

1 )BI (cO
3 − cO

2 )BI . . .
...

...
. . .

 .

This notation clearly shows once again that the first PRK sub method A(1) is equivalent
to the outer method AO with additional redundant stages while the second PRK sub
method A(2) is equivalent to the inner base metod AI executed sO times with relative step
sizes of {cO

2 − cO
1 , ..., c

O
sO+1 − c

O
sO}. Employing the vectors

1 = (1, ..., 1)T ,
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e1 = (1, 0, ..., 0) ,

we find the nodes of the constructed methods to read

c(1) = A(1)e1 =

c(2) = A(2)e1 =

 cO
1 1 + (cO

2 − cO
1 )cI

cO
2 1 + (cO

3 − cO
2 )cI

...

 .

Using our extension of the common notation by as+1,j = bj we may extract the summation
weights to read

b(1) = e1

(
aO
sO+1,1M + (aO

sO+2,1 − a
O
sO+1,1)CI aO

sO+1,2M + (aO
sO+2,2 − a

O
sO+1,2)CI · · ·

)
=

(
aO
sO+1,1e1 aO

sO+1,2e1 · · ·
)

=
(
bO

1 e1 bO
2 e1 · · ·

)
,

b(2) = e1

(
(cO

2 − cO
1 )BI (cO

3 − cO
2 )BI · · ·

)
=

(
(cO

2 − cO
1 )bI (cO

3 − cO
2 )bI · · ·

)
.

For an element-wise notation we employ tuple indexes with the first element of the tuple
corresponding to the blocks in the matrix notation and to the stages of the outer method
respectively:

a
(1)
(i,k),(j,l) =

{
aO
i,j +

(
aO
i+1,j − aO

i,j

)
cI
k if l = 1

0 if l > 1
, (3.5a)

b
(1)
(j,l) =

{
bO
j if l = 1

0 if l > 1
, (3.5b)

c
(1)
(i,k) = cO

i + cI
k

(
cO
i+1 − cO

i

)
, (3.5c)

a
(2)
(i,k),(j,l) =


0 if j > i(
cO
j+1 − cO

j

)
aI
k,l if j = i(

cO
j+1 − cO

j

)
bI
l if j < i

, (3.5d)

b
(2)
(j,l) =

(
cO
j+1 − cO

j

)
bI
l , (3.5e)

c
(2)
(i,k) = cO

i + cI
k

(
cO
i+1 − cO

i

)
= c

(1)
(i,k). (3.5f)

The resulting PRK is internally consistent (i.e. c(1) = c(2)), but it does not preserve
all linear invariants, as the summation weights of the partitions differ (i.e. b(1) 6= b(2)).
Trying to find base methods in order to satisfy b(1) = b(2) leads to the restriction of the
inner method to forward Euler and ultimately results in a (formally) partitioned method
with A(1) = A(2). The extension of the partitioned method to a mass perserving method
will be sketched in Section 3.4. Note that though the constructed PRK formally has sOsI

stages, some of these stages may be redundant. This means that there is a partitioned
method with fewer stages yielding equal results. Table 3.2 shows an explicit multirate
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0
1 1

1/2 1/2

0
1/2 1/2
1/2 1/4 1/4
1 1/4 1/4 1/2

1/4 1/4 1/4 1/4
outer method inner method

(RK2a) (composition of two RK2a half steps)

0
1/2 1/2
1/2 1/2 0
1 1 0 0
1 1 0 0 0
1 3/4 0 0 0 1/4
1 3/4 0 0 0 1/4 0
1 1/2 0 0 0 1/2 0 0

1/2 0 0 0 1/2 0 0 0

0
1/2 1/2
1/2 1/4 1/4
1 1/4 1/4 1/2
1 1/4 1/4 1/4 1/4
1 1/4 1/4 1/4 1/4 0
1 1/4 1/4 1/4 1/4 0 0
1 1/4 1/4 1/4 1/4 0 0 0

1/4 1/4 1/4 1/4 0 0 0 0
slow method fast method

as formally constructed as formally constructed

0
1/2 1/2
1/2 1/2 0
1 1 0 0
1 1 0 0 0

1/2 0 0 0 1/2

0
1/2 1/2
1/2 1/4 1/4
1 1/4 1/4 1/2
1 1/4 1/4 1/4 1/4

1/4 1/4 1/4 1/4 0
slow method fast method

without redundant stages without redundant stages

Table 3.2: Example for a second order multirate method constructed with RFSMR.
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0
1/2 1/2
1/2 −1/6 2/3
1 1/3 −1/3 1

1/6 1/3 1/3 1/6
base method (outer and inner)

(RK43)

0
1/4 1/4
1/4 1/4 0
1/2 1/2 0 0
1/2 1/2 0 0 0
1/2 −1/6 0 0 0 2/3
3/4 1/12 0 0 0 1/6 1/2
3/4 1/12 0 0 0 1/6 1/2 0
1 1/3 0 0 0 −1/3 1 0 0
1 1/3 0 0 0 −1/3 1 0 0 0

1/6 0 0 0 1/3 1/3 0 0 0 1/6
slow method

0
1/4 1/4
1/4 −1/12 1/3
1/2 1/6 −1/6 1/2
1/2 1/12 1/6 1/6 1/12
1/2 1/12 1/6 1/6 1/12 0
3/4 1/12 1/6 1/6 1/12 0 1/4
3/4 1/12 1/6 1/6 1/12 0 −1/12 1/3
1 1/12 1/6 1/6 1/12 0 1/6 −1/6 1/2
1 1/12 1/6 1/6 1/12 0 1/12 1/6 1/6 1/12

1/12 1/6 1/6 1/12 0 1/12 1/6 1/6 1/12 0
fast method

Table 3.3: Example for a third order multirate method constructed with RFSMR.
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method as formally constructed and an equivalent method without redundancies. The
remaining Butcher tableaus of the PRKs shall be given in non-redundant form if not
noted otherwise.

To construct a multirate PRK with an additional temporal refinement level we may
employ one of the formerly constructed methods as outer method in a further construc-
tion step. Denoting the inner and outer method in this second construction step by a
superscript “I2” and “O2” and following (3.5) we find the parameters of the new method
to read

a
(3)
(i,k),(j,l) =


0 if j > i(
cO2
j+1 − cO2

j

)
aI2
k,l if j = i(

cO2
j+1 − cO2

j

)
bI2
l if j < i

,

b
(3)
(j,l) =

(
cO2
j+1 − cO2

j

)
bI2
l ,

c
(3)
(i,k) = cO2

i + cI2
k

(
cO2
i+1 − cO2

i

)
.

Since the new method
(
A(3), b(3), c(3)

)
depends on the outer method only via its nodes cO2

and those nodes are equal for both outer methods in consideration (i.e. cO2 = c(1) = c(2))
we see that method

(
A(3), b(3), c(3)

)
can be constructed equivalently via both paths. Note

that this construction also involves construction of a method
(
A(1a), b(1a), c(1a)

)
equiva-

lent to
(
A(1), b(1), c(1)

)
but with the nodes c(1a) = c(3) and the construction of a method(

A(2a), b(2a), c(2a)
)

equivalent to
(
A(2), b(2), c(2)

)
but with the nodes c(2a) = c(3); an illus-

tration of this is given in Figure 3.2. Further temporal refinement levels can be added
analogously. The Butcher tableaus of methods constructed in the first stages of such a
construction cascade are shown exemplarily in Table 3.4.

It can be shown that the partitioned methods constructed via this approach are second
order accurate in time for second order base methods. Even third order accuracy in
time can be obtained if the methods satisfy the classical third order conditions and one
additional condition. An example of a third order multirate method is given in Table 3.3.
For details refer to Section 3.3.

3.1.3 Suitability of base methods

In this section we shall discuss which base methods are suitable for the construction of
multirate schemes with a specific time step ratio. We shall consider the general splitting
as sketched in Section 3.1.1 and closely examine the nodes of the outer explicit method.
The inner system (3.2) has to be solved for every stage i with ci 6= ci−1, so that the total
interval integrated with the inner method is given by

∆tinner = ∆t
s+1∑
i=2

|ci − ci−1|.

Consequently outer methods with monotonically increasing nodes are computationally
efficient in the sense that ∆tinner = ∆t.
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O I

S F

O I

S F

O I

S F

Equivalent with redundancies

Equivalent with smaller time step

(1)

O I

(2)

I2I2

(1a) (3) (2a) (3)

Internally consistent

Figure 3.2: Top-down construction of a tripartite PRK. The grey boxes indicate the
construction with inputs O and I for outer and inner method and outputs S and F for
slow and fast method.

In the context of multirate methods we aim at a certain time step ratio Raim. More
precisely if we consider an ODE

ẇ = F (w) +G(w),

the system ẇ = G(w) can be integrated with the outer base method and a time step
smaller than ∆tOmax while satisfying some stability constraints or accuracy demands. Sim-
ilarly the inner system ẇ = r + F (w) can be solved with the inner base method and a
time step of ∆tImax, so that the desired time step ratio is given by

Raim =
∆tOmax

∆tImax

.

For example in the context of multirate advection G may describe advection on a coarser
grid while F describes advection on a finer grid. Assuming a uniform wind field with
wind speed u the CFL condition leads to restrictions of the time step size

∆tOmax = S · νO
max

∆xcoarse

u
,

∆tImax = S · νI
max

∆xfine

u
,

40



with νO
max denoting the maximum Courant number for the employed advection operator

and the outer method and νI
max denoting the maximum Courant number for the inner

method. In practice a safety factor 0 < S < 1 is employed. If inner and outer method
have the same maximum Courant number νO

max = νI
max, the time step ratio is determined

solely by the ratio of the grid sizes:

Raim =
∆tOmax

∆tImax

=
∆xcoarse

∆xfine

.

We generalized this splitting by allowing for the inner method applied once with a
time step of ∆t to be replaced by a composition of n steps of size ∆t/n each. If we choose
this number of substeps individually for each stage of the outer method, the actual time
step ratio Ri for stage i of the outer method and the time step ratio R for the complete
method are given by

Ri =
ni

|ci − ci−1|
,

R = min
i∈{2,...,s+1}

(Ri) .

Ensuring that ∀i : Ri ≥ Raim the optimal choice for the ni reads

nopt
i = dRaim |ci − ci−1|e .

For the practical implementation of the method we choose a time step ratio and compute
values of ni for each stage of the outer method, see Section 4.3. This also implies that the
inner base method has to be applied N =

∑
i ni times in the course of one macro time

step. We call a splitting efficient in a general sense if an increase of stability by a factor
of R is involved with an increase of computational cost by the same factor. Expressed in
the time step ratio R and the relative computational cost N :

R = N, (3.6)

min
i∈{2,...,s+1}

(
ni

|ci − ci−1|

)
=

s+1∑
i=2

ni.

Aiming at a certain time step ratio Raim, we want the actual time step ratio to be R ≥ Raim

while the computational cost shall be N ≤ Raim. Consequently we call a splitting efficient
with respect to a desired time step ratio if

Raim ≤ R = N ≤ Raim,

min
i∈{2,...,s+1}

(
nopt
i

|ci − ci−1|

)
= Raim =

s+1∑
i=2

nopt
i ,

min
i∈{2,...,s+1}

(
dRaim |ci − ci−1|e
|ci − ci−1|

)
= Raim =

s+1∑
i=2

dRaim |ci − ci−1|e. (3.7)
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If the nodes of the outer method are monotonically increasing, condition (3.7) simplifies
to

s+1∑
i=2

dRaim |ci − ci−1|e = Raim,

which can equivalently be expressed as

∀i ∈ {2, ..., s+ 1} : Raim |ci − ci−1| ∈ N.

If on the other hand the nodes of the outer method are not monotonically increasing the
method is inefficient since

s+1∑
i=2

dRaim |ci − ci−1|e > Raim.

To illustrate and clarify we consider the general second order explicit Runge–Kutta
method with two stages, whose Butcher tableau is given by

0
c2 c2

1− 1
2c2

1
2c2

.

If we choose c2 = 1/3, we obtain a method which is efficient in a general sense for
(n2, n3) = (2, 1), as

min
i∈{2,...,s+1}

(
ni

|ci − ci−1|

)
= min

{
1

1/3
,

2

2/3

}
= 3 =

s+1∑
i=2

ni.

The method also is efficient with respect to desired time step ratios of Raim = 3k, k ∈ N,
but it is not efficient with respect to a desired time step ratio of Raim = 2 since the inner
method has to be applied N times with

N =
s+1∑
i=2

dRaim |ci − ci−1|e = 3 > Raim.

Following the same rationale we find that the two stage second order method obtained
with c2 = 1 (RK2a) is efficient with respect to a desired time step ratio of Raim ∈ N, while
the method constructed with c2 = 1/2 (RK2b) is efficient with respect to a desired time
step ratio of Raim = 2k, k ∈ N.

3.2 Spatial aspects of the splitting

3.2.1 Decomposition of the advection operator

In order to apply a multirate method to the advection equation, the advection operator
must be partitioned. Opposed to the splitting paradigms discussed in Section 2.3.1 the
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splitting approaches we shall describe now actually yield different results. Generally there
are two alternative approaches, the so called splitting by cells and the less commonly
employed splitting by fluxes, also called splitting by faces [22]. We consider a semidiscrete
transport equation in flux formulation

ẇk = −
fk+1/2(w)− fk−1/2(w)

∆xk

and a partitioning of the indexes

K = K1 ∪K2; K1 ∩K2 = ∅.

The basic idea of a splitting by cells is to assign each cell to a partition. This naturally
follows from the splitting by components paradigm.

ẇ = F̄ (cell,1)(w) + F̄ (cell,2)(w),

F̄
(cell,i)
k (w) =

 −
fk+1/2(w)− fk−1/2(w)

∆xk
k ∈ Ki,

0 otherwise.

For a splitting by faces, each face (or more generally: each cell boundary) is assigned to a
partition. Naively each face could be statically assigned. For a practical implementation
however it is advantageous to dynamically assign the faces such that the fluxes leaving a
statically defined set of cells are assigned to a partition:

ẇ = F̄ (face,1)(w) + F̄ (face,2)(w),

F̄
(face,i)
k (w) = −

f̄
(face,i)
k+1/2 (w)− f̄ (face,i)

k−1/2 (w)

∆xk
,

f̄
(face,i)
k+1/2 (w) =

{
fk+1/2(w) k ∈ Ki ∧ fk+1/2 > 0 ∨ k + 1 ∈ Ki ∧ fk+1/2 < 0,
0 otherwise.

In combination with upwind discretizations as (2.4) and (2.7) this makes the set of
cells needed for the calculation of F̄ (face,i) independent from the transport direction, see
Figure 3.3.

A further advantage of a splitting by faces is that mass conservation is guaranteed
when the partitioned system is solved with a PRK. However as shown by Hundsdorfer et
al. [22], a splitting by fluxes cannot lead to a consistent discretization when combined
with a true multirate scheme. Numerical tests in Section 5.1 match these theoretical
predictions for high accuracies while no influence can be found for the large Courant
numbers which are of special interest in the context of atmospheric simulations.

3.2.2 Decompositions of advection-reaction systems

We now consider a differential equation with a tripartite right hand side:

ẇ = G(1)(w) +G(2)(w) + F (w),
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Ki

stencil for third order upwind

f̄ (face,i)

supp(F̄ (face,i))

f̄ (face,i)

supp(F̄ (face,i))

fluxes in positive

direction

fluxes in negative

direction

Figure 3.3: Illustration of stencil for a splitting by fluxes.

where G(1)(w)+G(2)(w) represents advection split by fluxes and F (w) represents a reaction
term. We start by defining explicit integrators associated with G(1) and G(2). In terms of
the inner and outer explicit base methods the resulting method then can be cast as

V1,s+1 = w0, (3.8a)

ri,k =
i−1∑
j=1

(
cI
k − cI

k−1

) (
aO
ij − aO

i−1,j

)
G(1)

(
Vj,sI+1

)
(3.8b)

+
k−1∑
j=1

(
cO
i − cO

i−1

) (
aI
kj − aI

k−1,j

)
G(2) (Vi,j),

vi,k(0) = Vi,k−1, (3.8c)

dvi,k
dτ

= ∆tri,k + ∆t
(
cO
i − cO

i−1

) (
cI
k − cI

k−1

)
F (vi,k) , τ ∈ [0, 1], (3.8d)

i = 2, ..., sO + 1, k = 2, ..., sI + 1, (3.8e)

Vi,k = vi,k(1), (3.8f)

w1 = VsO+1,sI+1. (3.8g)

Note that the definition of the source term (3.8b) follows directly from the stage increment
in the multirate case as defined in (3.3e). The algorithm can be illustrated as shown in
Figure 3.5.

We shall now consider the case that G(2) is equal to zero. Source term and differential
equation per stage then read

ri,k =
i−1∑
j=1

(
cI
k − cI

k−1

) (
aO
ij − aO

i−1,j

)
G(1)

(
Vj,sI+1

)
,

vi,k(0) = Vi,k−1,

dvi,k
dτ

= ∆tri,k + ∆t
(
cO
i − cO

i−1

) (
cI
k − cI

k−1

)
F (vi,k) , τ ∈ [0, 1],

Vi,k = vi,k(1),
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The only dependency of the source term ri,k from the parameters of the inner method
is given by a factor of

(
cI
k − cI

k−1

)
. By transforming the above equations we obtain an

equivalent formulation with a source term independent of the micro stage index k:

ri =
i−1∑
j=1

(
aO
ij − aO

i−1,j

)
G(1)

(
Vj,sI+1

)
,

vi,k
(
cI
k−1

)
= Vi,k−1,

dvi,k
dτ

= ∆tri + ∆t
(
cO
i − cO

i−1

)
F (vi,k) , τ ∈

[
cI
k−1, c

I
k

]
,

Vi,k = vi,k
(
cI
k

)
,

which can be further simplified by joining the integration intervals to read

vi(c
I
1) = Vi,1, (3.9a)

dvi
dτ

= ∆tri + ∆t
(
cO
i − cO

i−1

)
F (vi) , τ ∈

[
cI

1, c
I
sI+1

]
, (3.9b)

Vi,sI+1 = vi(c
I
sI+1). (3.9c)

If the inner method is first order consistent we have cI
1 = 0, cI

sI+1 = 1, so that (3.9) is
equivalent to the system in complete absence of a faster explicit integrator as given in
(3.2). Note that this result only holds if we assume that (3.2b) and (3.9b) respectively
are solved exactly. But even if a numerical integrator is employed considerations of the
order of convergence still hold.

This observation is of importance if we consider advection-reaction problems. In this
context G(1) + G(2) denotes an advection term which is split by fluxes as described in
Section 3.2.1, while F denotes a reaction term which has the property that the reaction
inside of a cell is independent of other cells in the simulation domain; formally

Fn(w) = Fn(wn),

with a spatial index n. The advection terms G(1) and G(2) have finite (though overlapping)
supports so that for a subset N of cells we actually have

∀n ∈ N : G(2)
n (w) ≡ 0.

Thus it is straightforward to split F = F (1) + F (2) by cells in such a way that

supp(F (2)) = supp(G(2)),

supp(F (1))
⋂

supp(F (2)) = ∅,

see also Figure 3.4.
Solving the semidiscretized system

ẇ = G(1) + F (1) + (G(2) + F (2)),

45



...to G(1)

...to G(2)
x

supp(G(1))
supp(G(2))

supp(F (1)) supp(F (2))

Fluxes contributing...

Figure 3.4: Illustration of supports near interface.

r2

t0 t0 + ∆tt0 + ∆t/4

r3r2 r3

r2 r3

t0 + ∆t/2 t0 + 3∆t/4

cO1 cO2 cO3 = cO4 = 1

G(1)

G(2)

F

Figure 3.5: Illustration of a recursive time step with bipartite splitting, cf. (3.8). Explicit
methods are (RK32). Analogous to Figure 3.1 correction steps are represented by orange
boxes.
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r2

t0 t0 + ∆tt0 + ∆t/4

r3r2 r3

r2 r3

t0 + ∆t/2 t0 + 3∆t/4

G(1)

G(2)

F (1)

F (2)

Figure 3.6: Illustration of a recursive time step with tripartite splitting, cf. (3.10). Explicit
methods are (RK32).

we exploit the circumstance that F (1) is decoupled from G(2)+F (2) and employ a tripartite
splitting:

W1 =

(
W

(1)
1

W
(2)
1

)
= w0, (3.10a)(

r
(1)
i

r
(2)
i

)
=

i−1∑
j=1

(
aO
ij − aO

i−1,j

)
G(1)

((
W

(1)
j

W
(2)
j

))
, (3.10b)(

v
(1)
i (0)

v
(2)
1 (0)

)
=

(
W

(1)
i−1

W
(2)
i−1

)
, (3.10c)

dv
(1)
i

dτ
= ∆tr

(1)
i + ∆t

(
cO
i − cO

i−1

)
F (1)

(
v

(1)
i

)
, (3.10d)

dv
(2)
i

dτ
= ∆tr

(2)
i + ∆t

(
cO
i − cO

i−1

) (
G(2)

(
v

(2)
i

)
+ F (2)

(
v

(2)
i

))
, (3.10e)

τ ∈ [0, 1], i = 2, ..., s+ 1,(
W

(1)
i

W
(2)
i

)
=

(
v

(1)
i (1)

v
(2)
1 (1)

)
, (3.10f)

w1 =

(
W

(1)

sO+1

W
(2)

sO+1

)
, (3.10g)
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An illustration of this algorithm is shown in Figure 3.6. Assuming that (3.10d) is solved
exactly and (3.10e) is solved in an IMEX manner by recursive application of the same
algorithm we obtain equal results as with the recursive bipartite splitting discussed above.
Solving (3.10d) numerically yields differences between the bipartite and the tripartite
approach due to the different step sizes with which the inner method is employed for cells
belonging to the support of F (1).

As the tripartite formulation allows for a solution with fewer costly ODE solutions per
cell and timestep, we implement this approach.

3.3 Order conditions

We will now examine the formal order of the generated partitioned method. General order
conditions can be found in [17] or explicitly for partitioned Runge–Kutta methods in [24].
For our methods with cfast

(i,k) = cslow
(i,k) most of the coupling conditions i.e. order conditions

combining the parameters of the different methods are redundant. The only exception
is one order three condition (3.11e). The conditions for first (3.11a), second (3.11b) and
third order (3.11c),(3.11d),(3.11e) read

s∑
j=1

bslow
j = 1 =

s∑
j=1

bfast
j , (3.11a)

s∑
j=1

bslow
j cslow

j = 1/2 =
s∑
j=1

bfast
j cfast

j , (3.11b)

s∑
j=1

bslow
j

(
cslow
j

)2
= 1/3 =

s∑
j=1

bfast
j

(
cfast
j

)2
, (3.11c)

s∑
i=1

s∑
j=1

bslow
i aslow

ij cslow
j = 1/6 =

s∑
i=1

s∑
j=1

bfast
i afast

ij cfast
j , (3.11d)

s∑
i=1

s∑
j=1

bslow
i afast

ij cfast
j = 1/6 =

s∑
i=1

s∑
j=1

bfast
i aslow

ij cslow
j , (3.11e)

with s = sOsI.
We shall now examine the order of the generated partitioned methods assuming that

the underlying base methods satisfy the classical order conditions, i.e. the order conditions
for non-partitioned Runge–Kutta methods.

Initially we shall assume the outer method to be explicit, whereas no such assumption
will be made for the inner method. First we shall give theorems for second order consis-
tency of the constructed method. Examining the third order conditions we shall obtain
an additional condition to be satisfied by the outer method. The thus arising question, if
a third order accurate cascade of methods can be constructed shall be addressed in the
following section. Concludingly we shall show that the examinations of bipartite PRKs
also allow for statements about general m-part PRKs.
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For the proofs the methods generated via the recursive flux splitting algorithm will be
cast in PRK form as introduced in (3.5):

aslow
isI+k,jsI+l = aslow

(i,k),(j,l) =

{
aO
i,j +

(
aO
i+1,j − aO

i,j

)
cI
k if l = 1

0 if l > 1
, (3.12)

bslow
jsI+l = bslow

(j,l) =

{
bO
j if l = 1

0 if l > 1
, (3.13)

cslow
isI+k = cslow

(i,k) =cO
i + cI

k

(
cO
i+1 − cO

i

)
, (3.14)

afast
isI+k,jsI+l = afast

(i,k),(j,l) =


0 if j > i(
cO
j+1 − cO

j

)
aI
k,l if j = i(

cO
j+1 − cO

j

)
bI
l if j < i

, (3.15)

bfast
jsI+l = bfast

(j,l) =
(
cO
j+1 − cO

j

)
bI
l , (3.16)

cfast
isI+k = cfast

(i,k) =cO
i + cI

k

(
cO
i+1 − cO

i

)
= cslow

(i,k). (3.17)

3.3.1 Order conditions up to order 2

Theorem 3.3.1. If the inner and the outer method satisfy the conditions for order p = 1,
the methods generated via RFSMR satisfy the conditions for order p = 1 (3.11a).

Proof.

sOsI∑
j=1

bslow
j =

sO∑
j=1

bO
j = 1.

sOsI∑
j=1

bfast
j =

sO∑
j=1

sI∑
k=1

(
cO
j+1 − cO

j

)
bI
k =

 sO∑
j=1

(
cO
j+1 − cO

j

)
︸ ︷︷ ︸

=cO
sO+1

=1

 sI∑
k=1

bI
k



=

 sO∑
j=1

bO
j


︸ ︷︷ ︸

=cO
sO+1

=1

 sI∑
k=1

bI
k

 = 1.

Theorem 3.3.2. If the inner and the outer method have order of consistency p = 2, the
methods generated via RFSMR satisfy the conditions for order p = 2 (3.11b).

Proof. For the slow method:

sOsI∑
j=1

bslow
j cslow

j =
sO∑
j=1

bO
j c

O
j =

1

2
.
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For the fast method:

sOsI∑
j=1

bfast
j cfast

j =
sO∑
j=1

sI∑
k=1

(
cO
j+1 − cO

j

)
bI
k ·
(
cO
j +

(
cO
j+1 − cO

j

)
cI
k

)
=

sO∑
j=1

 sI∑
k=1

cO
j

(
cO
j+1 − cO

j

)
bI
k +

(
cO
j+1 − cO

j

)2
bI
kc

I
k



=
sO∑
j=1

cO
j

(
cO
j+1 − cO

j

) sI∑
k=1

bI
k︸ ︷︷ ︸

=1

+
(
cO
j+1 − cO

j

)2
sI∑
k=1

bI
kc

I
k︸ ︷︷ ︸

=1/2


=

sO∑
j=1

((
cO
j+1c

O
j −

(
cO
j

)2
)

+
1

2

((
cO
j+1

)2 − 2cO
j+1c

O
j +

(
cO
j

)2
))

=
1

2

sO∑
j=1

(
cO
j+1

)2 −
(
cO
j

)2
=

1

2

(
cO
sO+1

)2
=

1

2
.

3.3.2 Order conditions for order 3

We shall now examine the third order conditions (3.11c),(3.11d) for the constructed slow
and fast methods under the assumption that both the inner and outer method have order
of consistency p = 3.

Condition (3.11c) for the slow method:

sOsI∑
j=1

bslow
j

(
cslow
j

)2
=

sO∑
j=1

bO
j

(
cO
j

)2
=

1

3
.
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Condition (3.11c) for the fast method:

sOsI∑
j=1

bfast
j

(
cfast
j

)2
=

sO∑
j=1

sI∑
k=1

(
cO
j+1 − cO

j

)
bI
k ·
(
cO
j +

(
cO
j+1 − cO

j

)
cI
k

)2

=
sO∑
j=1

sI∑
k=1

(
cO
j+1 − cO

j

)
bI
k ·
((
cO
j

)2
+ 2cO

j

(
cO
j+1 − cO

j

)
cI
k +

((
cO
j+1 − cO

j

)
cI
k

)2
)

=
sO∑
j=1

sI∑
k=1

((
cO
j

)2 (
cO
j+1 − cO

j

)
bI
k + 2cO

j

(
cO
j+1 − cO

j

)2
cI
kb

I
k

+
(
cO
j+1 − cO

j

)3 (
cI
k

)2
bI
k

)

=
sO∑
j=1

((
cO
j

)2 (
cO
j+1 − cO

j

) sI∑
k=1

bI
k︸ ︷︷ ︸

=1

+2cO
j

(
cO
j+1 − cO

j

)2
sI∑
k=1

cI
kb

I
k︸ ︷︷ ︸

=1/2

+
(
cO
j+1 − cO

j

)3
sI∑
k=1

(
cI
k

)2
bI
k︸ ︷︷ ︸

=1/3

)

=
sO∑
j=1

(
1

3

(
cO
j+1

)3 − 1

3

(
cO
j

)3
)

=
1

3

(
cO
sO+1

)3︸ ︷︷ ︸
=1

=
1

3
.

Condition (3.11d) for the slow method:

sOsI∑
i=1

sOsI∑
j=1

bslow
i aslow

ij cslow
j =

sO∑
i=1

sI∑
k=1

sO∑
j=1

sI∑
l=1

bslow
(i,k)a

slow
(i,k),(j,l)c

slow
(j,l)

=
sO∑
i=1

sO∑
j=1

bslow
(i,1)a

slow
(i,1),(j,1)c

slow
(j,1)

=
sO∑
i=1

sO∑
j=1

bO
i a

O
ijc

O
j = 1/6.

Condition (3.11d) for the fast method; note that assuming the outer method to be explicit
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we may split the above summation in two parts with j ≤ i and j = i respectively:

sOsI∑
i=1

sOsI∑
j=1

bfast
i afast

ij cfast
j

=
sO∑
i=1

sI∑
k=1

sO∑
j=1

sI∑
l=1

bfast
(i,k)a

fast
(i,k),(j,l)c

fast
(j,l)

=
sO∑
i=1

sI∑
k=1

i−1∑
j=1

sI∑
l=1

(
cO
i+1 − cO

i

)
bI
k

(
cO
j+1 − cO

j

)
bI
l

(
cO
j +

(
cO
j+1 − cO

j

)
cI
l

)
+

sO∑
i=1

sI∑
k=1

sI∑
l=1

(
cO
i+1 − cO

i

)
bI
k

(
cO
i+1 − cO

i

)
aI
k,l

(
cO
i +

(
cO
i+1 − cO

i

)
cI
l

)
=

 sI∑
k=1

bI
k


︸ ︷︷ ︸

=1

sO∑
i=1

(
cO
i+1 − cO

i

) i−1∑
j=1

sI∑
l=1

(
cO
j+1 − cO

j

)
bI
l

(
cO
j +

(
cO
j+1 − cO

j

)
cI
l

)

+
sO∑
i=1

cO
i

(
cO
i+1 − cO

i

)2
sI∑
k=1

sI∑
l=1

bI
ka

I
k,l︸ ︷︷ ︸

=1/2

+
(
cO
i+1 − cO

i

)3
sI∑
k=1

sI∑
l=1

bI
ka

I
k,lc

I
l︸ ︷︷ ︸

=1/6



=
sO∑
i=1

(
cO
i+1 − cO

i

) i−1∑
j=1


(
cO
j+1c

O
j −

(
cO
j

)2
) sI∑
l=1

bI
l︸ ︷︷ ︸

=1

+
((
cO
j+1

)2 − 2cO
j+1c

O
j +

(
cO
j

)2
) sI∑
l=1

bI
lc

I
l︸ ︷︷ ︸

=1/2


+

sO∑
i=1

(
1

3

(
cO
i

)3
+

1

6

(
cO
i+1

)3 − 1

2
cO
i+1

(
cO
i

)2
)

=
sO∑
i=1

(
cO
i+1 − cO

i

) i−1∑
j=1

(
1

2

(
cO
j+1

)2 − 1

2

(
cO
j

)2
)

+
sO∑
i=1

(
1

3

(
cO
i

)3
+

1

6

(
cO
i+1

)3 − 1

2
cO
i+1

(
cO
i

)2
)

=
sO∑
i=1

1

2

(
cO
i+1 − cO

i

) (
cO
i

)2
+

sO∑
i=1

(
1

3

(
cO
i

)3
+

1

6

(
cO
i+1

)3 − 1

2
cO
i+1

(
cO
i

)2
)

=
sO∑
i=1

(
1

6

(
cO
i+1

)3 − 1

6

(
cO
i

)3
)

=
1

6

(
cO
sO+1

)3︸ ︷︷ ︸
=1

=
1

6
.

52



Trying to solve the third order coupling conditions (3.11e) for the slow/fast partitioned
method we obtain additional order conditions to be satisfied by the outer method. One
of the coupling conditions is satisfied for any pair of third order base methods1:

sOsI∑
i=1

sOsI∑
j=1

bslow
i afast

ij cfast
j

=
sO∑
i=1

sI∑
k=1

sO∑
j=1

sI∑
l=1

bslow
(i,k)a

fast
(i,k),(j,l)c

fast
(j,l)

=

 sO∑
i=1

i−1∑
j=1

sI∑
l=1

bslow
(i,1)a

fast
(i,1),(j,l)c

fast
(j,l)

+

 sO∑
i=1

sI∑
l=1

bslow
(i,1)a

fast
(i,1),(i,l)c

fast
(i,l)


=

 sO∑
i=1

i−1∑
j=1

sI∑
l=1

bO
i

(
cO
j+1 − cO

j

)
bI
l

(
cO
j + cI

l

(
cO
j+1 − cO

j

))
+

 sO∑
i=1

sI∑
l=1

bO
i

(
cO
i+1 − cO

i

)
aI

1,l︸︷︷︸
=0

(
cO
i + cI

l

(
cO
i+1 − cO

i

))

=
sO∑
i=1

bO
i


i−1∑
j=1

 sI∑
l=1

bI
l


︸ ︷︷ ︸

=1

cO
j

(
cO
j+1 − cO

j

)
+

 sI∑
l=1

bI
lc

I
l


︸ ︷︷ ︸

=1/2

((
cO
j+1

)2 − 2cO
j+1c

O
j +

(
cO
j

)2
)


=
1

2

sO∑
i=1

bO
i

i−1∑
j=1

((
cO
j+1

)2 −
(
cO
j

)2
)

=
1

2

sO∑
i=1

bO
i

(
cO
i

)2

︸ ︷︷ ︸
=1/3

=
1

6
.

1Actually for this calculation, only second order assumptions for the inner method are employed.
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Solving for the other third order coupling condition we obtain

sOsI∑
i=1

sOsI∑
j=1

bfast
i aslow

ij cslow
j

=
sO∑
i=1

sI∑
k=1

sO∑
j=1

sI∑
l=1

bfast
(i,k)a

slow
(i,k),(j,l)c

slow
(j,l)

=
sO∑
i=1

sI∑
k=1

i∑
j=1

bfast
(i,k)a

slow
(i,k),(j,1)c

slow
(j,1)

=
sO∑
i=1

sI∑
k=1

i∑
j=1

(
cO
i+1 − cO

i

)
bI
k

(
aO
i,j +

(
aO
i+1,j − aO

i,j

)
cI
k

)cO
j + cI

1︸︷︷︸
=0

(
cO
j+1 − cO

j

)
=

sO∑
i=1

i∑
j=1

aO
i,j

(
cO
i+1 − cO

i

)
cO
j

 sI∑
k=1

bI
k


︸ ︷︷ ︸

=1

+
(
aO
i+1,j − aO

i,j

) (
cO
i+1 − cO

i

)
cO
j

 sI∑
k=1

bI
kc

I
k


︸ ︷︷ ︸

=1/2

=
sO∑
i=1

i∑
j=1

(
aO
i,j +

1

2

(
aO
i+1,j − aO

i,j

)) (
cO
i+1 − cO

i

)
cO
j

=
1

2

sO∑
i=1

(
cO
i+1 − cO

i

) i∑
j=1

(
aO
i+1,j + aO

i,j

)
cO
j =

1

6
. (3.18)

This leads to the following theorem:

Theorem 3.3.3. If the inner and the outer method have order of consistency p = 3 and
the outer method additionally satisfies

sO∑
i=1

(
cO
i+1 − cO

i

) i∑
j=1

(
aO
i+1,j + aO

i,j

)
cO
j = 1/3, (3.19)

the methods generated via RFSMR satisfy the conditions for order p = 3 (3.11c), (3.11d).

Note that the additional condition (3.19) to be satisfied by the outer method is equiv-
alent to the additional third order condition introduced by Knoth and Wolke in [29].

3.3.3 Order conditions for recursive application

Up to this point we considered the construction of dualrate methods, i.e. multirate meth-
ods with exactly two levels of refinement or IMEX methods if the inner method is an
implicit Runge–Kutta method. Additional levels can be introduced by employing a for-
merly generated method as outer method and thus applying the splitting recursively. As
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presented in Section 3.2.2 the new method can be constructed alternatively by applying ei-
ther of the formally constructed methods as outer method. Consequently by showing that
either one of the potential outer methods satisfies the conditions for outer methods ocur-
ring in Theorems 3.3.1, 3.3.2, 3.3.3 we show that both of the potential outer methods sat-
isfy those conditions. We choose to examine the slow method. From Theorems 3.3.1 and
3.3.2 we know that a generated partitioned method

[(
Aslow, bslow, cslow

)
,
(
Afast, bfast, cfast

)]
is consistent of order p ≤ 2 if both the outer method

(
AO, bO, cO

)
and the inner method(

AI, bI, cI
)

employed for construction are consistent of order p. From Theorem 3.3.3
we know that the generated partitioned method is consistent of order p = 3 if both
base methods employed for construction are third order consistent and the outer method(
AO, bO, cO

)
additionally satisfies (3.19).

To show third order consistency after the next construction step it remains to be shown
that

(
Aslow, bslow, cslow

)
satisfies (3.19). Assuming that

(
AO, bO, cO

)
satisfies (3.19) we find

1

3
=

sslow∑
i=1

(
cslow
i+1 − cslow

i

) i∑
j=1

(
aslow
i+1,j + aslow

i,j

)
cslow
j

=
sO∑
i=1

sI∑
k=1

(
cslow

(i,k+1) − cslow
(i,k)

) sO∑
j=1

sI∑
l=1

(
aslow

(i,k+1),(j,l) + aslow
(i,k),(j,l)

)
cslow

(j,l)

=
sO∑
i=1

sI∑
k=1

(
cO
i+1 − cO

i

) (
cI
k+1 − cI

k

) sO∑
j=1

(
2aO

i,j +
(
aO
i+1,j − aO

i,j

) (
cI
k+1 + cI

k

))
cO
j

=
sO∑
i=1

sI∑
k=1

(
cO
i+1 − cO

i

) (
cI
k+1 − cI

k

) sO∑
j=1

2aO
i,jc

O
j +

sO∑
i=1

sI∑
k=1

(
cO
i+1 − cO

i

) (
cI
k+1 − cI

k

) (
cI
k+1 + cI

k

) sO∑
j=1

(
aO
i+1,j − aO

i,j

)
cO
j

=
sI∑
k=1

(
cI
k+1 − cI

k

)
︸ ︷︷ ︸

=1

sO∑
i=1

(
cO
i+1 − cO

i

) sO∑
j=1

2aO
i,jc

O
j +

sI∑
k=1

((
cI
k+1

)2 −
(
cI
k

)2
)

︸ ︷︷ ︸
=1

sO∑
i=1

(
cO
i+1 − cO

i

) sO∑
j=1

(
aO
i+1,j − aO

i,j

)
cO
j

=
sO∑
i=1

(
cO
i+1 − cO

i

) sO∑
j=1

(
2aO

i,j + aO
i+1,j − aO

i,j

)
cO
j

=
sO∑
i=1

(
cO
i+1 − cO

i

) sO∑
j=1

(
aO
i+1,j + aO

i,j

)
cO
j =

by assumption

1

3
.
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Now we can formulate the theorem:

Theorem 3.3.4. If the inner and the outer base method are of consistency order p = 3 and
the outer method satisfies the additional third order condition (3.19) then both partitions
of the generated method satisfy (3.19).

Up to this point we have only examined partitioned methods consisting of exactly two
elementary methods. For a general PRK of N methods the order conditions read

Order 1: ∀n ∈ {1, ..., N} :
∑
j

b
(n)
j = 1,

Order 2: ∀n1, n2 ∈ {1, ..., N} :
∑
j

b
(n1)
j c

(n2)
j = 1/2,

Order 3: ∀n1, n2, n3 ∈ {1, ..., N} :
∑
j

b
(n1)
j c

(n2)
j c

(n3)
j = 1/3,

∀n1, n2, n3 ∈ {1, ..., N} :
∑
i

∑
j

b
(n1)
i a

(n2)
ij c

(n3)
j = 1/6,

with the superscripts denoting method indexes. Again we make use of the fact that the
methods constructed using the Recursive Flux Splitting Multirate algorithm are internally
consistent, so in this context we have ∀n : c(n) = c and consequently the order conditions
for an N -part PRK simplify to

Order 1: ∀n :
∑
j

b
(n)
j = 1,

Order 2: ∀n :
∑
j

b
(n)
j cj = 1/2,

Order 3: ∀n :
∑
j

b
(n)
j c2

j = 1/3,

∀n1, n2 :
∑
i

∑
j

b
(n1)
i a

(n2)
ij cj = 1/6.

We see that even for the third order conditions we only have to consider pairs of Runge–
Kutta methods as we have done before. In combination with Theorem 3.3.4 this leads
to:

Corollary 3.3.5. Employing the Recursive Flux Splitting Multirate algorithm we can con-
struct a partitioned Runge–Kutta method of third order accuracy and and arbitrary number
of partitions by iteratively employing formerly constructed methods as outer method if the
employed base methods satisfy the classical third order conditions (3.11a), (3.11b), (3.11c),
(3.11d) and all base methods apart from the inner method employed for the last step satisfy
the additional third order coupling condition (3.19).

If all of the employed base methods satisfy (3.19), then the constructed PRK also
satisfies (3.19).

3.3.4 Order conditions for arbitrary inner methods

In [29] Knoth and Wolke considered a general splitting as presented in Section 3.1.1 and
derived order conditions up to order three. Specifically the authors examined a test
equation

ẏ = f(y) + g(y),
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and assumed that the inner system is solved exactly. However in their derivation of order
conditions only the first two derivatives of the right hand side – corresponding to the first
three derivatives of y – are employed so that it holds not only for an exact inner method
but for any inner method of third order accuracy.

Consequently we may employ a third order partitioned method with an arbitrary
number of partitions, also satisfying the additional third order condition (3.19), (see
Corollary 3.3.5) and employ this method as outer method. The inner method then may
be any time integration method of third order accuracy.

3.4 Extension to a mass preserving PRK

The time integration schemes examined up to this point are internally consistent but
do not generally preserve the linear invariants of the system. The preservation of the
linear invariants (or shorter mass preservation) is guaranteed for partitioned methods
with equal summation stages, ∀j : bfast

j = bslow
j . Thus it is straightforward to modify

a PRK constructed via the RFSMR approach by replacing the summation stage for all
partions so that the resulting method is mass preserving. The new summation weights
(b̄j)j=1,...,s are a linear combination of the original summation weights

∀j : b̄j = wbfast
j + (1− w) bslow

j .

The method constructed in this manner satisfies the order conditions up to order 3 if (and
only if) the original method is of order three. This is trivial since the summation weights
occur only in linear form. As for the underlying method we have c = cfast = cslow the
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superscripts for the ci are omitted below:

s∑
j=1

b̄j = (1− w)
s∑
j=1

bslow
j︸ ︷︷ ︸

=1

+w
s∑
j=1

bfast
j︸ ︷︷ ︸

=1

= 1,

s∑
j=1

b̄jcj = (1− w)
s∑
j=1

bslow
j cj︸ ︷︷ ︸

=1/2

+w
s∑
j=1

bfast
j cj︸ ︷︷ ︸

=1/2

= 1/2,

s∑
j=1

b̄jcj = (1− w)
s∑
j=1

bslow
j c2

j︸ ︷︷ ︸
=1/3

+w
s∑
j=1

bfast
j c2

j︸ ︷︷ ︸
=1/3

= 1/3,

s∑
i=1

i−1∑
j=1

b̄ia
slow
ij cj = (1− w)

s∑
i=1

i−1∑
j=1

bslow
i aslow

ij cj︸ ︷︷ ︸
=1/6

+w
s∑
i=1

i−1∑
j=1

bfast
i aslow

ij cj︸ ︷︷ ︸
=1/6

= 1/6,

s∑
i=1

i−1∑
j=1

b̄ia
fast
ij cj = (1− w)

s∑
i=1

i−1∑
j=1

bslow
i afast

ij cj︸ ︷︷ ︸
=1/6

+w
s∑
i=1

i−1∑
j=1

bfast
i afast

ij cj︸ ︷︷ ︸
=1/6

= 1/6.

Unfortunately, the advantegeous property of mass preservation comes with a number
of disadvantages. Most importantly the methods are not efficient anymore. For a Runge–
Kutta method the right hand side must be evaluated at least once for each non-zero
column of the Butcher tableau {j : ∃ai,j 6= 0 ∨ bj 6= 0}. The slow methods generated via
the RFSMR approach generally contain many zero columns but modifying the summation
stage as proposed above leads to an increased number of non-zero columns and thus to
increased computational cost. On the other hand one might choose b̄ = bslow, so that the
number of zero columns is maximized. This however leads to reduced stability for the
fast method.

As an example consider the second order multirate method presented in Table 3.2.
Listed in Table 3.5 you find the underlying method (a) and the method with modified
summation stage (b). For this example the change of the summation stage makes the
fourth stage redundant. The non-redundant method is given in Table 3.5c. For the slow
method the stability function R(z) = 1 + z+ z2/2 is independent of the parameter w. We
may however tune w in order to maximize stability for the fast method. The maximum
Courant numbers for first order upwind and third order upwind are plotted against w in
Figure 3.7. It shows that choosing w ≈ 0.739 gives the best results for the third order
upwind semidiscretization. A comparison with the underlying unextended method shows
slightly improved efficiency (in terms of the stability to cost ratio) for the fast method
applied on a third order upwind discretization while the efficiency of the slow method is
reduced due to the increased number of evaluations of the right hand side, cf. Table 3.6.
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a) Underlying method

0
1/2 1/2
1/2 1/2 0
1 1 0 0
1 1 0 0 0

2−w
4

w/4 w/4 w/4 1−w
2

0
1/2 1/2
1/2 1/4 1/4
1 1/4 1/4 1/2
1 1/4 1/4 1/4 1/4

2−w
4

w/4 w/4 w/4 1−w
2

slow method fast method

b) Method with modified summation stage

0
1/2 1/2
1/2 1/2 0
1 1 0 0

2−w
4

w/4 w/4 2−w
4

0
1/2 1/2
1/2 1/4 1/4
1 1/4 1/4 1/2

2−w
4

w/4 w/4 2−w
4

slow method fast method

c) Non-redundant equivalent

Table 3.5: Mass preserving 2nd order multirate method MPMR2a.

The latter effect would become even more pronounced for methods with more temporal
refinement levels. Alternatively choosing w = 0 leaves the slow method untouched and
thus equivalent to RFSMR2a(slow) while the stability of the fast method is impaired.

For a practical implementation the memory requirements are of major interest. The
unextended method can be implemented in such a way that not more than sbase intermedi-
ate results have to be kept in memory, independent of the number of temporal refinement
levels. For the extended method memory requirements grow exponentially with the num-

ber of refinement levels N as all sPRK =
(
sbase

)N
intermediate results must be stored.

Furthermore the tripartite splitting discussed in Section 3.2.2 is not easily possible
for the extended partitioned method. As this splitting results in a significant part of the
multirate speedup for advection-reaction systems (see also Section 5.4) this has significant
impact on the usefulness. Finally the generic splitting allows for arbitrary methods to be
employed as inner methods, while only methods based on Runge–Kutta methods can be
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Figure 3.7: Maximum Courant number νmax of MPMR2a(fast) applied to advection op-
erators as a function of w.

PRK sub method νmax ERHS νmax/ERHS

RFSMR2a slow 1.000 (0.874) 2 0.500 (0.437)
RFSMR2a fast 2.000 (1.747) 4 0.500 (0.437)
MPMR2a(w = 0.739) slow 1.000 (0.874) 4 0.250 (0.219)
MPMR2a(w = 0.739) fast 2.000 (2.316) 4 0.500 (0.579)
MPMR2a(w = 0) slow 1.000 (0.874) 2 0.500 (0.437)
MPMR2a(w = 0) fast 1.861 (1.834) 4 0.465 (0.458)

Table 3.6: Maximum Courant numbers νmax, evaluations of the right hand side ERHS

and efficiency measure νmax/ERHS for first order upwind (third order upwind) spatial
discretization.
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0 0
γ 0 γ

1− γ 0 1− 2γ γ
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a) Base methods, γ = 3+
√

3
6

0 0
γ
2

γ
2

0
1−γ

2
1−γ

2
0 0

1/2 1/2 0 0 0
1/2 −1/6 0 0 2/3 0
1+γ

2
−1+3γ

6
0 0 2

3
− γ γ 0

−γ
2

2−3γ
6

0 0 −1
3

+ γ 1− γ 0 0
1 1/3 0 0 −1/3 1 0 0 0

0 1/4 1/4 0 0 1/4 1/4 0 MPIMEX3a

1/6 0 0 1/3 1/3 0 0 1/6 MPIMEX3b

b) Explicit (slow) method, γ = 3+
√

3
6

0 0
γ
2

0 γ/2
1−γ

2
0 1/2− γ γ/2

1/2 0 1/4 1/4 0
1/2 0 1/4 1/4 0 0
1+γ

2
0 1/4 1/4 0 0 γ/2

−γ
2

0 1/4 1/4 0 0 1/2− γ γ/2
1 0 1/4 1/4 0 0 1/4 1/4 0

0 1/4 1/4 0 0 1/4 1/4 0 MPIMEX3a

1/6 0 0 1/3 1/3 0 0 1/6 MPIMEX3b

c) Implicit (fast) method, γ = 3+
√

3
6

Table 3.7: Example for a third order accurate mass preserving IMEX method. The two
summation stages are alternatives we denote as MPIMEX3a and MPIMEX3b respectively.
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cast as a PRK.
An example for a mass preserving third order IMEX method is given in Table 3.7.

Note that a redundant stage was introduced in the inner base method to obtain a method
with cI

1 = 0. This method leaves only little room for optimization. Considering

b̄ = ((1− w)/6, w/4, w/4, (1− w)/3, (1− w)/3, w/4, w/4, (1− w)/6)

we see that the implicit method is A-stable only if w = 1, as is the case for MPIMEX3a.
For any other value of w not even A(α) stability is obtained. The stability of these methods
applied on advection-reaction systems shall be examined in the following section.

3.5 Stability for advection-reaction systems

To examine the stability properties of the recursive flux splitting multirate approach ap-
plied on advection-reaction systems we consider an advection-reaction equation in matrix
notation. Starting from an advection operator represented by a normal matrix A to be ap-
plied to each species individually and a reaction operator represented by a normal matrix
B to be applied to each cell individually this reads

˙̂y =
(
A⊗ I(S) + I(N) ⊗B

)︸ ︷︷ ︸
=R

ŷ, (3.20a)

ŷ(0) = I(N) ⊗ I(S), (3.20b)

A ∈ RN×N , I(N) ∈ RN×N , (3.20c)

B ∈ RS×S, I(S) ∈ RS×S, (3.20d)

with the number of cells N and the number of species S. The I denote identity matrices.
If the eigenvalues of A read (λi)i=1,...,N and the eigenvalues of B read (µj)j=1,...,S there

are eigendecompositions of A and B respectively:

∃P ∈ RN×N : PΛP−1 = A, Λ = diag
(

(λi)i=1,...,N

)
,

∃Q ∈ RS×S :QMQ−1 = B, M =diag
(

(µj)j=1,...,S

)
.

Based on these eigendecompositions we can construct an eigendecomposition of R:

R = A⊗ I(S) + I(N) ⊗B
= PΛP−1 ⊗ I(S) + I(N) ⊗QMQ−1

= (P ⊗Q)
[
(P ⊗Q)−1 (PΛP−1 ⊗ I(S) + I(N) ⊗QMQ−1

)
(P ⊗Q)

]
(P ⊗Q)−1

= (P ⊗Q)
[
P−1

(
PΛP−1

)
P ⊗Q−1I(S)Q+ P−1I(N)P ⊗Q−1

(
QMQ−1

)
Q
]

(P ⊗Q)−1

= (P ⊗Q)
[(

Λ⊗ I(S)
)

+
(
I(N) ⊗M

)]
(P ⊗Q)−1

= (P ⊗Q)

[
diag

(
(λi + µj)i=1,...,N

j=1,...,S

)]
(P ⊗Q)−1 .
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From this we see that the eigenvalues of R read

(λi + µj)i=1,...,N
j=1,...,S

.

Consequently for advection-reaction systems it is sufficient to examine a linear test equa-
tion and consider the different eigenvalues of R individually. These considerations also
hold for a splitting by directions, with N in (3.20) representing the number of cells along
one spatial axis and S denoting the number of cells along a perpendicular spatial axis
instead of species. This is of interest for a splitting into horizontal and vertical transport.

We now consider a linear test equation

ẏ = λy + µy,

y(0) = 1,

with λ representing the eigenvalues of the advection operator – either first order upwind
(Λ1) or third order upwind (Λ3) – and µ representing the eigenvalues of the reaction terms.
More specifically we define

µ ∈ R−,
λ ∈ Λp(ν),

Λ1(ν) =
{
ν
(
e2πi n

N − 1
)
, n ∈ {1, ..., N}

}
,

Λ3(ν) =

{
ν

(
−1

6
e4πi n

N + e2πi n
N − 1

2
− 1

3
e−2πi n

N

)
, n ∈ {1, ..., N}

}
,

so that for a specified spatial discretization we may examine stability of the system in
terms of the Courant number ν and the time constant of the reaction |µ|. It shows that
examining more than 16 wave numbers per advection operator only marginally improves
the quality of the result. Thus we choose N = 16 in the definitions of Λ1 and Λ3. For
each eigenvalue λ of the advection operator the system is solved as follows

Y1 = 1,

ri =
i−1∑
j=1

(aij − ai−1,j)λYj,

vi(0) = Yi−1,

d

dτ
vi = ri + (ci − ci−1)µ, τ ∈ [0, 1],

Yi = vi(1),

ystep(λ) = Ys+1.

The maximum amplification Amp (ν, µ) for all eigenvalues of the advection operator after
one time step reads

Amp (ν, µ) = max
λ∈Λ(ν)

(|ystep(λ)|) .
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Note that Amp equals the spectral radius of the analogously aproximated ŷ(1) according
to System (3.20).

Results for a few methods are shown in Figures 3.8 through 3.15. The stability region
is shown in white. A blue shading indicates instability for first order upwind while a red
shading indicates instability for third order upwind. The rationale for considering stability
for third order upwind and first order upwind in a single plot is that we actually are inter-
ested in the third order upwind discretization with limiter as presented in Section 2.2.2.
Since the nonlinear limiter (2.15) leads to a first order upwind discretization at extrema
and to a third oder upwind discretization for smooth profiles both linear discretizations
are equally (and simultaniously) of interest.

As for the pure advection problem the IMEX method based on forward Euler as outer
method and backward Euler as inner method (Figure 3.8) is unstable for third order
upwind and small µ. Greater time constants of the reaction lead to an increased damping
and thus to stability for larger Courant numbers.

0
1

outer method

1 1
1

inner method
0.0 0.5 1.0 1.5 2.0 2.5 3.0

10−10

10−5

1

105

1010

|µ|

ν

Figure 3.8: Stability of a first order IMEX method.

The second order IMEX method based on the explicit trapezoidal rule (Heun method)
and the implicit trapezoidal rule is stable for a first order upwind discretization and ν ≤ 1,
see Figure 3.9. Choosing the third order spatial discretization however leads to reduced
stability for |µ| > 10.

The three stage second order method (RK32) was recommended by Gerisch and Weiner
in [14] for the use in Strang-type IMEX methods and it also proves advantegeous for the
splitting approach presented here. In combination with the implicit trapezoidal rule as
inner method it shows good stability along the ν-axis for small |µ|. However larger time
constants of the reaction |µ| > 300 again lead to reduced stability along the ν coordinate.
This is correlated to the fact that the stability function of the implicit trapezoidal rule
reads R(z) = 1+z/2

1−z/2 , so that for the stability limit we have lim
z→∞

R(z) = −1.
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Figure 3.9: Stability of a second order IMEX method based on explicit and implicit
trapezoidal rule.
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Figure 3.10: Stability of a second order IMEX method based on RK32.

Next we consider a third order IMEX method based on (RK43) and a two stage third
order SDIRK method, see Figure 3.11. This method is stable for any |µ| and ν < 0.6
(ν < 0.9) for first (third) order upwind. Especially the reduced stability along the ν-axis
for large reaction rates |µ| is unfavorable. We shall now construct an alternative third
order method with four stages and better stability. We choose the nodes of the method
to read c1 = 0, c2 = c3 = 1/2, c4 = 1. Solving for the order conditions up to order three
including the additional coupling condition results in a family of ERKs with two free
parameters, see Table 3.8. The remaining free parameters α, β can be tuned to optimize
for stability.
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Figure 3.11: Stability of a third order IMEX method based on (RK43).
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18α
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18α

1/6

Table 3.8: A family of third order ERKs.

We employ the stability analysis as before and try to achieve stability for a Courant
number of ν = 1.2, reaction speeds of |µ| ∈ {10−5, 1, 105} and the SDIRK method as
inner integrator. The stability regions in terms of α and β for both spatial discretizations
in consideration are shown in Figure 3.12. Choosing α = 1 and β = 1/4 we obtain the
method shown in Figure 3.13, subsequently denoted as (RK43b). In Section 5.2 we shall
compare the IMEX methods based on (RK43) (Figure 3.11) and (RK43b) (Figure 3.13)
applied to an advection-reaction problem numerically.

To take also a purely explicit splitting into consideration we examine a method con-
structed from (RK32) as outer method and the second order 8-stage Runge–Kutta–
Chebyshev (RKC) method presented by Verwer in [46] as inner method, see Figure 3.14.
Note that for this plot the |µ| axis is linear. The inner method is stable along the real
axis down through z = −42 but due to the nodes of the outer method two steps of half
size are employed, thus extending the stability along the real axis until z = −84. This is
clearly represented in the stability plot. Interestingly the advection stability for first order
upwind semidiscretization also reflects further properties of the inner method’s stability
behavior as indicated by the horizontal lines between the plots. Employing RKC meth-
ods as inner methods is promising for a splitting into horizontal advection and vertical
diffusion, even more so in meteorological models where the vertical grid size usually is
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Figure 3.12: Stability for IMEX methods constructed from the family of third order ERKs
(Table 3.8) as outer method and (SDIRK3) as inner method for |µ| ∈ {10−5, 1, 105} and
ν = 1.2. The cross marks the point (α, β) = (1, 1/4).

much smaller than the horizontal grid size. If vertical transport also involves advection,
the use of modified RKC methods as presented in [47] should be considered. The

First numerical tests showed promising results, but the combination with a further
implicit method for the solution of advection-diffusion-reaction systems still has to be
examined in detail. A particular question is if RKC methods or their variations presented
in [47] can be modified in order to make them more suitable for the use as an outer
method in the RFSMR approach or even efficient with respect to a given time step ratio
(see Section 3.1.3) while maintaining their advantageous stability properties to a large
extend.

The mass preserving IMEX methods listed in Table 3.7 are equivalent to the method
shown in Figure 3.11 apart from the summation stages. Performing our stability analysis
for the mass preserving methods shows that extending the method with the summation
stage of the fast (or implicit) method results in reduced stability along the ν-axis, while
extension with the summation stage of the slow (or explicit) method results in reduced
stability along the |µ|-axis compared to the not mass preserving method, see Figure 3.15.
Both methods are inferior to the underlying (not mass preserving) method in terms of
stability.
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Figure 3.13: Stability of a third order IMEX method based on (RK43b).
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Figure 3.14: Stability of a second order explicit method based on (RK32) and the second
order 8-stage Runge–Kutta–Chebyshev method (left) and the scaled classical stability
region for the inner method (right).

68



0.0 0.5 1.0 1.5 2.0 2.5 3.0

10−10

10−5

1

105

1010

|µ|

ν
0.0 0.5 1.0 1.5 2.0 2.5 3.0

10−10

10−5

1

105

1010

|µ|

ν

MPIMEX3a MPIMEX3b

Figure 3.15: Stability of the mass preserving third order IMEX methods listed in Table
3.7.
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Chapter 4

Implementation issues

4.1 The multi scale atmospheric transport model

The multi scale atmospheric transport model (MUSCAT) has been developed at the
Leibniz Institute for Tropospheric Research since the early 1990s. It is written mainly in
Fortran, with few additional modules written in C. The code enables parallel computing by
employing MPI (Message passing interface [11, 12]). For sophisticated workload balancing
the Metis/ParMetis libraries [26] are employed.

An early model was constructed to simulate chemical kinetics and diffusive transport
inside of a vertical column [27]. This model was then extended to describe transport
in three spatial dimensions with a terrain following grid and local grid refinement [28].
Coupling of horizontal advective transport and column processes was implemented using
an IMEX approach. Later extensions and improvements of the code included improved
workload balancing [49] and coupling to the COSMO model of the German Weather
Service [41, 48, 31].

MUSCAT has been applied to a wide variety of simulation setups ranging from box
models through fully three dimensional case studies concerning e.g. air pollution [20] or
transport of Saharan dust [19].

4.2 Data organization

In MUSCAT data is organized hierarchically: the three dimensional computational do-
main is decomposed statically into rectangular blocks. This decomposition is applied in
horizontal direction only so that every block ranges from ground level through the top
of the domain to simulate. An important feature is that each block may have its own
spatial refinement level. Thus selected regions may be examined in more detail. The
cell size always is the macro cell size multiplied by an integer power of two. The spatial
resolution of two directly adjacent blocks may differ by a factor of two maximum. The
latter also holds for the temporal refinement level or short the time level of the block.
Cell size, adjacency to other blocks, time level, etc. form the block meta-data. Even for
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Figure 4.1: Data of one generic block.

parallel processing meta-data on all blocks is available at all processors. The main part
of the data consists of a concentration array and a number of difference arrays associated
with the stage vectors of the employed explicit Runge–Kutta method. Opposed to the
meta-data, the main data of the block is present only on the processor the block is as-
sociated with. Additional variables include geometric data per cell (volume, extend per
axis etc.) defined on intialization and meteorological data as wind speed or density of air.
The latter may be provided by the COSMO model [44, 41] of the German weather service
via online coupling or by a test driver.

The declaration of the concentration array is done in such a way that cell local values,
i.e. the concentrations of the different tracers or species inside of a cell are directly adjacent
in physical memory. The cell data in turn is organized so that cells within one column
(i.e. cells at the same horizontal position) have minimal address distance. This layout
is advantageous for the computations executed most frequently, i.e. cell local chemistry
and column local (vertical) diffusion. For each advection step a number of fully coupled
implicit chemistry-diffusion steps is needed which contribute significantly to the overall
computational cost. All arrays have the same structure making vectorized operations
possible.
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a) d)

c)

b)

Figure 4.2: Geometrical cell structure of adjacent blocks. Halo cells depicted with thin-
ner contours. Connectors between blocks indicate multiple representations of the same
physical volume.

We employ an extended array declaration for the individual blocks where the extended
array includes both the actual cells of the block and the surrounding halo or ghost cells
which are needed for coupling with adjacent blocks. Thus all block local computations
may be done on a logically Cartesian array. Additional data structures for the exchange
of mass fluxes with neighboring blocks are needed along the respective boundaries, see
Figure 4.1. These data structures correspond to the source term r. Employing a limited
third order upwind spatial discretization [23] and a splitting by fluxes the halo has to be
one cell wide (see also Section 3.2.1) while the additional data structures overlap with the
halo cells and the outermost row of actual cells.

Though the grid of the block is logically Cartesian, its geometrical interpretation may
be different. First of all the simulation domain usually represents a volume above a
spherical surface. Furthermore perpendicularly to the interface the halo cells have the
extent of the actual cells they overlap with, see Figure 4.2. Also marked in Figure 4.2 are
the possible relations between actual cells and halo cells representing the same physical
volume. The respective volume may be represented by:

a) one inner cell and one halo cell,

b) two inner cells and one halo cell of a coarser neighbor,

c) one inner cell and two halo cells of a finer neighbor or

d) inner cell(s) and halo cell(s) for each of two neighbors.
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Case d) only occurs at block corners and may be complicated for neighboring blocks with
different spatial refinement levels. These different possible relations have to be taken into
account when data is exchanged between blocks as shall be discussed in Section 4.4.

Keep in mind that the domain is decomposed in the horizontal direction only, so that
all of the above does not hold only for cells in one vertical layer but also for the columns,
ranging from the bottom through the top of the simulation domain.

4.3 Recursive implementation

In this section we shall describe details of the implementation with focus on the time
integration routines. The algorithm described formally in Section 3.1 naturally translates
to an implementation as is suitable for a practical model. In the context of MUSCAT we
want to solve an ODE

ẇ = F (w) +G(w),

with G representing horizontal advective fluxes and F representing vertical transport due
to diffusion as well as chemical reactions. A flowchart of the time integration routine is
given in Figure 4.3. The routine is called with a parameter L denoting the time level,
a time step ∆t and a point in time t0 which is of interest for time dependent terms as
e.g. time dependent source terms. Called from the main program with L = 0 the routine
integrates all cells from a point in time t0 to a point in time t0 + ∆t. Called recursively
with L > 0 the routine integrates all cells associated with a time level equal or larger
than L.

We shall now detail the various subroutines (represented as rectangles with double-
struck vertical edges). To avoid unnecessary evaluations of the advection operator we store
the advective fluxes (Gi)i=2,...,s+1 computed for each stage of the Runge–Kutta method.
This approach also means that only the most recent state vector Wi is employed for any
calculation on stage i+ 1 so that one variable W storing the latest intermediate result is
sufficient. We denote block specific variables by a superscript B. To simplify the notation
we introduce the set of blocks on time level L:

B̄L := {B : LB = L},

with LB denoting the time level of block B. To guarantee termination the maximum time
level of all blocks is stored in a globally available variable Lmax = maxB{LB}.

The subroutine Compute advective fluxes and source terms updates the advec-
tive fluxes and source terms for those blocks B whose time level LB equals the current
time level L, given as parameter of the routine:

∀B ∈ B̄L : GB
i := G

(
WB

)
,

rB :=
i∑

j=1

(aij − ai−1,j)G
B
i + rBslower.
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begin RFSMR

i := 2

i
?
<s+ 1

end RFSMR

no

yes

i := i+ 1

Compute adv. fluxes

and source terms

Flux exchange

ci
?
= ci−1

yes

Correction step

no Recursive call

Solve chemistry

Concentration exchange

L
?
<Lmax

no

yes

on time level L

on time level L

(time level L+ 1)

Figure 4.3: Flowchart of time integration routine on time level L; s denotes the number
of stages of the explicit base method, (ci)i=1,...,s+1 denote its nodes. The routine is called
with L = 0 from the main program or recursively with 0 < L ≤ Lmax.

The term rBslower denotes source terms received from slower neighbor blocks as well as fluxes
across the boundary of the simulation domain as defined by the boundary conditions.
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Subroutine Flux exchange shall be detailed in Section 4.4. It modifies the value of
(rB)B∈B̄L

so that it contains all advective fluxes influencing block B’s cells. By setting
the value of

(
rBslower

)
B∈B̄L+1

the coupling via source terms to faster neighbor blocks is also

handled here.
The subroutine Recursive call computes the number of micro steps n to be taken

and the micro time step ∆tµ to be employed on the next higher time level (see also Section
3.1.3)

n := d2(ci − ci−1)e,
∆tµ := (ci − ci−1)/n∆t,

and calls the time integration routine n times recursively with parameters

L(call k) = L+ 1,

∆t(call k) = ∆tµ,

t0,(call k) = t0 + k∆tµ, k = 0, ..., n− 1,

where the subscript (call k) indicates the parameter as passed on the k-th call. This is
equivalent to the solution of the inner system (3.10e) for the tripartite splitting discussed
in Section 3.2.2. Note that if the explicit base method is efficient with respect to a time
step ratio of R = 2 (cf. Section 3.1.3) we have ∆tµ = ∆t/2. By recursion the time step
∆tL associated with time level L is then found to read ∆tL = ∆tmacro/2

L.
Subroutine Solve chemistry solves an initial value problem for an ordinary differen-

tial equation and stores its result in the concentration vector W according to

∀B ∈ B̄L : vB(0) = WB,
d
dτ
vB = ∆trB + ∆t (ci − ci−1)F

(
vB
)
, τ ∈ [0, 1],

WB := vB (1) .

This is equivalent to the solution of the inner system (3.10d) for the tripartite splitting.
Subroutine Correction step updates the concentration vector W according to

∀B ∈ B̄L : WB := WB + ∆trB.

The final routine Concentration exchange shall be discussed in Section 4.4. It mod-
ifies the value of the concentration vector (WB)B∈B̄L

to allow for coupling of neighboring
blocks and also takes boundary conditions at the boundary of the simulation domain into
account.

One significant advantage compared to a more general implementation allowing for
the use of arbitrary partitioned methods is the reduced memory footprint. Depending on
the base method’s number of stages s we need s+1 auxiliary vectors – one for each of the
stage fluxes (Gi)i=2,...,s+1 and one for the summation variable r – to store the advective
fluxes plus additional data structures for data exchange. An equivalent representation as
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Figure 4.4: Illustration of exemplary program flow.

a partitioned method would involve significantly more stages depending on the number
of time levels, see for instance Table 3.4.

Due to recursive calls and data exchanges the program flow is naturally structured in
phases, see Figure 4.4. The resulting challenges for load balancing and their solution shall
be discussed in Section 4.5.

4.4 Block coupling

The halo cells of a block providing information on other, adjacent blocks must be updated
periodically. Exchange strategies aim at exchanging data as often as necessary and as
rarely as possible. For a classical explicit Runge–Kutta method these criteria are met if
the halo cell’s concentrations are updated for each stage of the method. In the context of
RFSMR exchanges may take the following forms:

Flux exchange

(F1) between blocks on equal temporal refinement level, or

(F2) from blocks on a coarser temporal refinement level to blocks on the next finer
temporal refinement level.

77



Concentration exchange

(C1) between blocks on equal temporal refinement level,

(C2) from blocks on a finer temporal refinement level to blocks on the next coarser
temporal refinement level, or

(C3) from blocks on a coarser temporal refinement level to blocks on the next finer
temporal refinement level.

Exchanges involving two blocks on the same temporal refinement level (F1,C1) are equiv-
alent to the exchanges as needed for classical time integration; consequently they have to
be executed for each Runge–Kutta stage of the respective time level. The flux exchange
from a coarser to a finer temporal refinement level (F2) implements the coupling via the
source term r and consequently has to take place before each recursive call. After each
recursive call the updated concentrations must be passed back to adjacent blocks on a
coarser refinement level (C2). The last of the listed exchanges (C3) is needed for correc-
tion steps to update both the halo cells and the outermost actual cells of the blocks on
the next finer level.

Summarizing the above one can interpret all exchanges to be triggered by the slower
of the involved blocks. Consequently the communication cost is reduced significantly
compared to the naive strategy of updating the halo cells for each stage of the micro time
step.

4.4.1 Coupling of directly adjacent blocks

From a geometrical point of view all exchanges are complicated by the fact that the same
physical volume may be represented in different ways, see for instance Figure 4.5. The
central requirement for multiple representations of a volume is that all of them represent
the same mass m:

m(1) = m(2),

with the superscripts indicating different representations. All masses (and their tempo-
ral derivatives) are represented by concentrations c (and their temporal derivatives) in
combination with the cell volumes V , so that the mass equivalency can be expressed as

K(1)∑
k=1

c
(1)
k V

(1)
k =

K(2)∑
k=1

c
(2)
k V

(2)
k , (4.1)

the subscript k representing a cell index. If both representations employ the same cell
volumes, ∀k : V

(1)
k = V

(2)
k , then (4.1) is satisfied by:

∀k : c
(1)
k = c

(2)
k .

At the interface between a block with a finer spatial resolution and a block with a coarser
spatial resolution the same volume is represented by one coarser cell with volume V

(1)
1
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block boundaries

ordinary cells

halo cells

Figure 4.5: Multiple representations of the same physical volume. Left: connected grid
with block boundaries. Right: decomposed grid, including halo cells. The red square
marks the same physical volume in the different representations.

and by two finer cells with volumes V
(2)

1 = V
(2)

2 = V
(1)

1 /2. Thus (4.1) is satisfied by

c
(1)
1 V

(1)
1 = c

(2)
1 V

(2)
1 + c

(2)
2 V

(2)
2 ,

c
(1)
1 = 1/2

(
c

(2)
1 + c

(2)
2

)
,

which is how the update of c(1) from c(2) is implemented. Data exchange in the opposite
direction is implemented as

c
(2)
1,2 := c

(1)
1 .

The different kinds of exchanges work on different sets of cells. First we shall discuss
the so called flux exchanges. Even though the term “flux exchange” is illustrative it is not
exact. The computed mass fluxes are represented as partial source/sink terms associated
with a given cell concentration. If the boundary fluxes are cast as fi±1/2,j and fi,j±1/2 with
spatial indexes i, j and cell volume Vi,j then the temporal derivative of the concentration
due to advection reads

d

dt
ci,j = −

fi+1/2,j − fi−1/2,j + fi,j+1/2 − fi,j−1/2

Vi,j
.

Due to the definition of the splitting by fluxes as given in Section 3.2.1 each boundary flux
is computed exactly once. Consequently a so called flux exchange always is an incremental
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a) Transport splitting
Block boundary

(connected view,
f1/2 f3/2 f5/2 f7/2 f9/2

b) Locally computed
mass fluxes

f1/2 f3/2 f5/2 f7/2 f9/2

Halo cells

c) Representation
before exchange

−f7/2
V3

f1/2−f3/2
V1

f3/2−f5/2
V2

f5/2
V3

f7/2−f9/2
V4

Necessary exchanges

d) Representation
after exchange

f5/2−f7/2
V3

f1/2−f3/2
V1

f3/2−f5/2
V2

f5/2−f7/2
V3

f7/2−f9/2
V4

0

colors indicate partitions)

f3/2−f5/2
V2

Figure 4.6: Illustration of computed fluxes, their representation and necessary exchanges.

exchange of concentration derivatives from the outermost column of acutal cells to the
adjacent block’s halo cells and from the halo cells to the adjacent block’s outermost actual
cells, see Figure 4.6 for an illustration.

Since the exchange of concentration derivatives due to horizontal advection is incre-
mental special care has to be taken on implementation. In the case of an exchange of kind
(F2), the concentration tendencies are written to an additional array rslower which can be
interpreted to hold the boundary conditions for the associated block. Theoretically an
exchange of kind (F1) would allow to directly access cells of the extended array. However
this would require sophisticated scheduling. In particular an exchange from a block A to
a block B would have to take into account whether an exchange from block B to block
A occurred before. It is easier to handle if for the (F1) exchanges an additional data
structure requal employed. Considering two blocks and denoting the block local variables
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with superscripts the exchange in detail reads as follows. For better readability we mark
the values of r before (pre) and after (post) the exchange.

r
(1)
equal = r(2)@pre,

r
(2)
equal = r(1)@pre.

After this exchange the following assignments are done block locally:

r(1)@post = r(1)@pre + r
(1)
equal,

r(2)@post = r(2)@pre + r
(2)
equal,

so that for a given cell index k where both r(1) and r(2) are defined we have

r
(1)
k @post = r

(2)
k @post = r

(1)
k @pre + r

(2)
k @pre.

This is represented by the FluxExchange routine in the flow chart. An exchange of
fluxes from a slower block to a faster block must also take the difference ci − ci−1 (with
the nodes of the base method c and the current Runge–Kutta stage index of the slower
block i) into account.

Concentration exchanges are more similar to classical exchanges in that they are direct
copies (rather than increments) of the involved values. Consequently no additional data
structures are necessary for their implementation. To determine how exactly concentra-
tion exchanges have to take place it is handy to examine the program flow. Concentration
exchange between blocks on the same temporal refinement level (C1) take place at the
final step of a Runge–Kutta stage. It consists of a halo cell update, as the concentration
in the corresponding acutal cell (or column in a three dimensional simulation) may have
changed due to cell local chemistry or column local vertical diffusion.

A concentration exchange from a faster block to a slower adjacent block (C2) takes
place after the recursive call associated with the faster block’s time level. It must involve
an update of the slower neighbor’s halo cells as well as its outermost actual cells.

Finally, a concentration exchange from a slower block to a faster adjacent block (C3)
takes place after a correction step on the time level of the slower block. To ensure correct
coupling of adjacent blocks the exchange again involves an update of both halo cells and
actual cells. An overview of all exchanges is given in Table 4.1.

4.4.2 Coupling of diagonally adjacent blocks

If the employed halo cells would serve solely as receivers for exchanges it would be sufficient
to consider pairs of blocks who are directly adjacent. We call two blocks directly adjacent
if the same physical volume is represented by an actual cell of one block and a halo cell
of the other block. Equivalently direct adjacency can be defined by two blocks sharing a
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F1 F2 C1 C2 C3
actual to halo X X X X X
halo to actual X X X X
incremental X X

Table 4.1: Overview of data exchanges.

c(3)

c(2)c(1)

Block 1 Block 2

Block 3

Block 3

Block 1 Block 2

a) Connected view b) Decomposed view

Figure 4.7: Illustration of a local grid decomposition. Blocks 1 and 3 are diagonally
adjacent; the marked concentration and all other variables associated with this physical
volume are represented three times.

face of a cell. Since the halo cells do not serve only as receivers for exchanges but also
as sources, exchanges also have to include pairs of blocks whose halos overlap, i.e. blocks
which are diagonally adjacent. This kind of exchange deserves special attention, as it may
be geometrically more complicated. Additionally we shall demonstrate that it is necessary
to take the temporal refinement level of a further block into account.

If two blocks are diagonally adjacent their respective halos overlap with each other
while there is no overlap of their halo with the other block’s actual cells. The physical
volume represented by specific halo cells of both of the diagonally adjacent blocks is also
represented by an actual cell of a third block. We call this third block the mediator
between the first two. Consider a block setup as illustrated in Figure 4.7, with Block 2
being the mediator between the diagonally adjacent Blocks 1 and 3. We specifically
consider the physical volume represented by a cell of each of those blocks and denote
the fluxes computed by Block k with a superscript (k) for k ∈ {1, 2, 3}. We consider
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two scenarios which employ the geometrical setup as depicted in Figure 4.7 but different
relative temporal refinement levels of the involved blocks.

Scenario 1 - diagonal exchange required

If all blocks operate on the same temporal refinement level L, flux exchanges take place
after the calculation of local fluxes on the same level L for a Runge–Kutta stage index i.
Flux calculation on level L:

G
(k)
i−1 := G(w(k)); k ∈ {1, 2, 3}

r(k) :=
i−1∑
j=1

(ai,j − ai−1,j)G
(k)
j ; k ∈ {1, 2, 3}

After the exchange all blocks must hold the full information about the advective fluxes
so that we need an exchange of the kind:

r
(1)
equal := r(2) + r(3);

r
(2)
equal := r(1) + r(3);

r
(3)
equal := r(1) + r(2);

The above exchanges may be executed in any order. In general imposing a specific order
of exchanges will have a negative effect on performance as an additional synchronization
of different processes is involved. Consequently the above exchange must be finalized by
a block local assignment:

r(k) := r(k) + r
(k)
equal; k ∈ {1, 2, 3}

It is evident that the values of r before (pre) and after (post) the exchange satisfy:

r(1)@post = r(2)@post = r(3)@post = r(1)@pre + r(2)@pre + r(3)@pre.

Scenario 2 - diagonal exchange not required

Now consider the case that Block 1 operates on temporal refinement level L whereas
Blocks 2 and 3 operate on level L+1. We now also have to consider if the current Runge–
Kutta stage on level L is involved with a recursive call (i.e. ci > ci−1) or with a simple
correction step (i.e. ci = ci−1). In the latter case the flux exchange from level L to level
L+ 1 is unnecessary. We now consider the case that ci > ci−1:
Flux calculation on level L:

G
(1)
i−1 := G(w(1));

r(1) :=
i−1∑
j=1

(ai,j − ai−1,j)G
(1)
j ;
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Flux exchange from level L to level L+ 1:

r
(2)
slower := r(1)d2(ci − ci−1)e/(ci − ci−1);

Note that the additional factor is needed to compensate for the ratio of the time step size
∆t on level L to the time step size ∆tµ on level L+1 with ∆tµ = (ci−ci−1)/d2(ci−ci−1)e∆t.
Flux calculation on level L+ 1:

G
(k)

ī−1
:= G(w(k)) + r

(k)
slower; k ∈ {2, 3}

r(k) :=
ī−1∑
j=1

(aī,j − aī−1,j)G
(k)
j ; k ∈ {2, 3},

with ī indicating the Runge–Kutta stage index on level L + 1. At this point r(2) already
holds all information on fluxes computed by Blocks 1 and 2.
Flux exchange on level L+ 1:

r
(2)
equal := r(3);

r
(3)
equal := r(2);

Block local finalization on level L+ 1:

r(k) := r(k) + r
(k)
equal; k ∈ {2, 3}

At this point we have:

r(2)@post = r(3)@post = r
(2)
slower + r(2)@pre + r(3)@pre

= r(1)d2(ci − ci−1)e/(ci − ci−1) + r(2)@pre + r(3)@pre.

Concludingly we remark that in this case the mediator block actually serves as a mediator
for the exchange. This is efficient as the flux exchange on level L+ 1 is necessary anyway
after flux calculation on this level. Furthermore applying a diagonal exchange in this
scenario would lead to wrong results as the source term provided by Block 1 would falsely
be applied twice.

Further scenarios can be examined by considering the program flow and the values
of certain block local variables. Generally a diagonal flux exchange is unnecessary if and
only if the geometrical mediator block serves as an exchange mediator. For flux exchanges
this is the case whenever

• The receiving block is on a higher temporal refinement level than the sending block
(i.e. an exchange of kind (F2) takes place) and

• the mediator block is on the equal temporal refinement level as the receiving block.

84



Similar considerations hold for diagonal concentration updates. Here a diagonal ex-
change can and must be omitted if the mediator’s time level equals the receiving block’s
time level.

A constraint to the grid geometry is that the spatial resolution of two directly adjacent
blocks may differ by a factor of two maximum. Consequently we must consider nine
geometrical setups for diagonal adjacency; the mediating block may be finer, coarser or
equally fine than/as the sending block and analogously the receiving block may be finer,
coarser or equally fine than/as the mediator, see Figure 4.8. The adjacency indexes AI
have been assigned for implementation reasons. If the roles of sender and receiver are
swapped, the sign of the adjacency index is flipped. Consequently the symmetric setups
AI ∈ {4,−4} and AI ∈ {5,−5} are assigned to pairs of indexes. We shall now shortly
discuss how these different setups are treated. For most geometrical setups the diagonal
exchange is straightforward. It is more complicated if the sending block has information
on only half of the receiving cell’s volume, which is the case for the bottom row cases
depicted in Figure 4.8. We closely examine the case AI = 1. This case and its symmetric
counterpart AI = −1 are very unlikely but nonetheless allowed setups. Denoting the
different quantities with a superscript (S) for the representation in the sending block and
a superscript (R) for the representation in the receiving block the flux exchange for AI = 1
must be implemented as follows. To abstract from the specific exchange we denote the
concentration tendencies by ċ. For a better understanding consider the volumes of the
cells involved in this exchange

V
(S)

1 = V
(S)

2 =
1

4
V (R),

and interpret the exchange as an exchange of mass fluxes. Then

ċ(R) = ṁ(R)/V (R)

=
(
ṁ

(S)
1 + ṁ

(S)
2

)
/V (R)

=
(
ċ

(S)
1 V

(S)
1 + ċ

(S)
2 V

(S)
2

)
/V (R)

=
1

4

(
ċ

(S)
1 + ċ

(S)
2

)
.

This exchange is valid because it actually is the exchange of a mass flux (though not
implemented as such) across a cell boundary which is represented both in the sending
block and the receiving block. The concentration exchange for AI = 1 on the other hand
cannot be defined consistently, as the sending block has information on only half of the
receiving cell’s physical volume. The error is minimized implementing this exchange as

c(R) :=
1

2
c(R) +

1

4

(
c

(S)
1 + c

(S)
2

)
.

A summary of diagonal exchanges is given in Table 4.2.
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AI = −1 AI = −2 AI ∈ {4,−4}

AI = 0AI = −3 AI = 2

AI = 3AI ∈ {5,−5} AI = 1

finer mediator equally fine mediator coarser mediator

finer

receiver

equally

coarser

receiver

receiver

fine

S

R

S

S

S

SS

S

RRR

S S

RR

RRR

Figure 4.8: Possible geometries of diagonal adjacency with adjacency index AI. Upper
left block is sending, lower right block is receiving. Mediators are called fine or coarse
relative to the sender; receivers are called fine or coarse relative to the mediator.
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AI = 0 c(R) := c(S)

ċ(R) := ċ(S)

AI = 1 c(R) := 1/2 c(R) + 1/4 (c
(S)
1 + c

(S)
2 )

ċ(R) := 1/4 (ċ
(S)
1 + ċ

(S)
2 )

AI = −1 c
(R)
1 := c(S)

c
(R)
2 := c(S)

ċ
(R)
1 := ċ(S)

ċ
(R)
2 := ċ(S)

AI = 2 c(R) := 1/2 (c
(S)
1 + c

(S)
2 )

ċ(R) := 1/2 (c
(S)
1 + c

(S)
2 )

AI = −2 c
(R)
1 := c(S)

c
(R)
2 := c(S)

ċ
(R)
1 := ċ(S)

ċ
(R)
2 := ċ(S)

AI = 3 c(R) := 1/2 c(R) + 1/2 c(S)

ċ(R) := 1/2 c(S)

AI = −3 c(R) := c(S)

ċ(R) := ċ(S)

AI ∈ {4,−4} c
(R)
1 := 1/2 (c

(S)
1 + c

(S)
2 )

c
(R)
2 := 1/2 (c

(S)
1 + c

(S)
2 )

ċ
(R)
1 := 1/2 (ċ

(S)
1 + ċ

(S)
2 )

ċ
(R)
2 := 1/2 (ċ

(S)
1 + ċ

(S)
2 )

AI ∈ {5,−5} c(R) := 1/2 c(R) + 1/2 c(S)

ċ(R) := 1/2 c(S)

Table 4.2: Summary of diagonal exchanges’ implementations.
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Block 1

Block 2

Block 3

Block 4

Process 1 Process 2

packing

Block 1

Block 2

Block 3

Block 4

Process 1 Process 2
exchange

a) Naive exchange (block wise communication)

b) Exchange with packing/unpacking (process wise communication)

Figure 4.9: Illustration of block-wise communication versus process-wise communication.
Circles symbolize data packages to be exchanged.

4.4.3 Exchanges for a parallel implementation

In order to optimize exchanges for parallel implementation one has to take into account
how much data is exchanged and how often data is exchanged. The latter is important
since several exchanges of given data volumes between exchange partners are more time
consuming than a single exchange of the same cumulative volume. This can be exploited
due to the fact that usually several blocks are associated with each of the employed
processes. By first packing data, then sending/receiving data and finally unpacking, it is
provided that each of the exchanges mentioned in the pseudo code can be implemented
by one parallel exchange for each pair of processes instead of one parallel exchange for
each pair of blocks, see Figure 4.9.

There is also potential for reducing the data volume whenever two directly adjacent
blocks with different spatial resolutions exchange data. If data is sent from a coarser block
to a more finely resolved block it is advantageous to send one scalar per sender’s cell and
apply it on the two receiving cells on unpacking. If on the other hand data is sent from
a finer block to a coarser block it is better to average the values on packing so that one
scalar per receiver’s cell is exchanged.
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Figure 4.10: Multi process workflow for different block-process mappings.

4.5 Balancing

If a simulation is to be distributed on multiple cores of one processor, multiple processors
of a workstation or even multiple nodes of a computing cluster, it must be split in several
parts. In the context of MUSCAT these parts are the different blocks. Those blocks have
to be assigned to the available computing elements such that idle times are minimized.
For classical time integration schemes this can be implemented by performing workload
balancing. The Metis/ParMetis libraries [26] provide sophisticated balancing algorithms.
Balancing problems are interpreted as a class of graph theoretical problems which may
be subsumed as “minimize the edge cut without violating node balancing constraints”.
Blocks of the decomposed simulation domain are mapped to nodes of the graph with one
scalar weight per node proportional to the workload associated with the block. Two nodes
are connected by an edge if the blocks are adjacent, the communication volume between
those blocks is modeled by a scalar weight per edge. Consequently minimizing the edge
cut is equivalent to minimizing the communication between partitions or processors while
the node balancing constraints are to be understood as workload balancing constraints.

As illustrated in Figure 4.4 the program flow of MUSCAT is naturally structured into
phases due to recursive calls. A direct effect of this multi-phase program flow is that
simple workload balancing is not generally efficient to minimize idle times. Consider for
instance a small set of blocks to be distributed on two processes and the resulting excerpt
of the program flow as shown in Figure 4.10 and note that both cases shown correlate
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to perfect naive workload balancing. The important difference is that in Figure 4.10b
the blocks are mapped to the processes such that the workload for each of the phases is
balanced. For the implementation we are discussing here this requirement is met when
each of the temporal refinement levels is balanced.

The Metis/ParMetis libraries offer the possibility of multi constraint balancing [25].
Opposed to classical balancing (i.e. single constraint balancing) this considers a vector
of weights for each node and aims at an even distribution for each vector dimension. For
our algorithm that means that the weight vector w associated with a block reads

w ∈ RN , wk =

{
C if k = L,
0 otherwise,

with N = Lmax + 1 denoting the number of time levels throughout the simulation, the
block’s time level L and the number of columns C within the block. Choosing this
approach will probably not lead to satisfying results as the constraints leave only little
margin for optimization. As a compromise we employ three constraints correlated to
the highest temporal refinement level Lmax, the second highest temporal refinement level
and the remaining levels. The rationale for this is that in most setups the two highest
refinement levels will cause the bigger part of computational cost. Consequently balancing
blocks on these levels will lead to an acceptable tradeoff between few constraints and little
idle times. We define the three dimensional weight vector as follows:

w =


(C, 0, 0) if L = Lmax,
(0, C, 0) if L = Lmax − 1,(
0, 0, 2LC

)
otherwise,

with Lmax denoting the maximum temporal refinement level. The factor 2L in the third
case is needed to account for the relative computational cost of blocks on potentially
different time levels. It is not needed for the first two components of the vector, as
their absolute weights are not taken into account by the ParMetis library. To prioritize
balancing of the highest temporal refinement levels over the remaining levels, a smaller
and thus stricter margin of tolerance is provided for the first component of the weight
vector.

Computational tests with realistic scenarios show ambivalent results. An example is
given in Figure 4.11. Single constraint balancing as shown in Figure 4.11b) leads to strong
imbalances as the processor represented by green (top right) is associated with 25 of the
blocks on the highest time level while the processor represented by cyan (bottom, half
left) is associated with only 6 of the blocks on this level. Multi constraint balancing on
the other hand leads to perfect distribution of blocks on the highest time level, see Figure
4.11c). However the sets of blocks associated with different processors are not connected
anymore which leads to increased communication.

Summarizing we note that while multi constraint balancing is suitable to minimize
idle times during computation it generally leads to higher communication cost, as the
optimization of communication is hindered by more constraints. Thus it is generally
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a) Grid structure; blue cells are associated with time level L = 0, green cells with L = 1,
red cells with L = 2. All blocks on time level L = 2 have the same number of cells.

0 1 3 4 6 7

b) Distribution on 8 processors computed by single constraint balancing; colors indicate
mapping to processors.

0 1 3 4 6 7

c) Distribution on 8 processors computed by multi constraint balancing; colors indicate
mapping to processors.

Figure 4.11: Example for workload balancing.

91



recommendable for such simulations in which local computations take significantly more
time than data exchange, e.g. simulations involving computationally expensive chemistry
or microphysics. If in contrast to that a simulation is communication dominated, only
little parallelization speedup can be expected even for an optimal distribution of blocks
on different processors.
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Chapter 5

Numerical Tests

In this chapter we present some numerical tests designed to examine different aspects of
the splitting approach presented in Chapter 3. The programs employed in this chapter
are prototypes which did not undergo thorough manual optimizations.

5.1 Comparison of splitting approaches

5.1.1 Setup

To examine the influence of the different splitting approaches described in Section 3.2.1 we
consider advection with unit speed on the unit interval with periodic boundary conditions:

∂

∂t
y = − ∂

∂x
y,

y(x, 0) = sin16(πx),

y(1, t) = y(0, t), (t ∈ [0, 1]) .

The system is spatially discretized using an equidistant grid and the third order upwind
discretization (2.7). For time integration we employ the RFSMR approach with (RK43)
as base method, cf. Table 3.3. The domain is split into four parts which are assigned
alternatingly to the slow and the fast partition. We examine the errors obtained with
a splitting by cells and a splitting by fluxes and compare the results obtained with the
different splittings by means of the error ratio

ER =
Err(y(t = 1)fluxsplit)

Err(y(t = 1)cellsplit)
− 1,

where Err represents either the error in L1-norm or the error in L∞-norm.

5.1.2 Results

First we consider convergence with respect to the time step for a fixed grid size, see
Figure 5.1. The reference solution is obtained by solving the system with a time step

93



10−14

10−12

10−10

10−8

10−6

10−4

0.001 0.01 0.1

0.001 0.01 0.1

G
lo

b
a
l

er
ro

r
a
t
t

=
1

∆t

ν

Cell split
Flux split

Figure 5.1: Error in L1-norm (solid) and L∞-norm (dashed) for a constant grid size of
∆x = 0.01.
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Figure 5.2: Error in L1-norm (solid) and L∞-norm (dashed) for a constant time step of
∆t = 10−5.
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Figure 5.3: Error in L1-norm (solid) and L∞-norm (dashed) for a constant Courant
number of ν = 0.7.
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Figure 5.4: Error in L1-norm (solid) and L∞-norm (dashed) versus number of interfaces
for ν = 0.7; ∆x = 10−4.
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base first order upwind third order upwind
method ν = 0.5 ν = 0.75 ν = 1 ν = 0.5 ν = 0.75 ν = 1

RK1 −5.37 · 10−4 −8.13 · 10−4 −1.09 · 10−3 — — —
RK2a −2.27 · 10−8 −2.63 · 10−8 7.34 · 10−4 −2.72 · 10−4 2.63 · 10−4 1.29 · 10−3

RK2b 9.79 · 10−8 3.29 · 10−7 2.00 · 10−4 −1.91 · 10−4 4.92 · 10−4 8.76 · 10−4

RK32 −2.63 · 10−8 −6.60 · 10−8 −9.56 · 10−8 −2.60 · 10−4 −3.21 · 10−5 6.16 · 10−4

RK43 6.49 · 10−9 2.19 · 10−8 5.19 · 10−8 2.18 · 10−5 5.33 · 10−3 2.58 · 10−2

Table 5.1: L1-error ratios for different discretizations.

base first order upwind third order upwind
method ν = 0.5 ν = 0.75 ν = 1 ν = 0.5 ν = 0.75 ν = 1

RK1 −3.7 · 10−3 −6.6 · 10−3 −1.0 · 10−2 — — —
RK2a 3.8 · 10−5 3.5 · 10−5 9.2 · 10−4 4.27 · 10−11 3.39 · 10−12 2.29 · 10−10

RK2b −4.3 · 10−5 −7.8 · 10−5 1.4 · 10−4 1.08 · 10−10 −1.66 · 10−11 8.42 · 10−11

RK32 3.4 · 10−5 4.3 · 10−5 1.0 · 10−4 −1.39 · 10−8 2.05 · 10−11 2.30 · 10−12

RK43 −1.0 · 10−5 −3.1 · 10−5 −5.6 · 10−5 4.80 · 10−3 2.17 · 10−3 −2.87 · 10−2

Table 5.2: L∞-error ratios for different discretizations.

of ∆t = 10−5. As expected from the theoretical treatment, we can observe third order of
convergence for larger time steps. For time steps smaller than 0.01 no further reduction
of the error can be obtained due to round-off errors. The largest relative differences in the
errors amount to 2% in the L1-norm and 25% in the L∞-norm, observed for a Courant
number of ν = 1/2.

Second we examine convergence with respect to the grid size for a fixed time step, see
Figure 5.2. Now we consider the error in terms of the difference to the exact solution.
For grid sizes ∆x > 8 · 10−5, only negligible differences in the errors of the splitting
approaches can be observed. Small grid sizes lead to large Courant numbers so that the
error introduced by the time integration scheme becomes dominant. Clear differences can
be seen for the ratio of the L∞-errors for small grid sizes.

Next we consider convergence for a fixed Courant number of ν = 0.7, cf. Figure 5.3.
Again we observe that the L∞-error of the flux splitting significantly exceeds the L∞-error
of the cell splitting for small grid sizes, while the L1-errors differ by 2% maximum.

Tests with varying number of interfaces for a fixed grid size of ∆x = 10−4 and a fixed
Courant number of ν = 0.7 show the expected dependency of the splitting error on the
number of interfaces, cf. Figure 5.4; more interfaces lead to an increased global error.

Motivated by the above results we examined a further test case with different spatial
discretizations and time integration methods. We chose a grid size of ∆x = 10−3 and
considered Courant numbers of ν ∈ {0.5, 0.75, 1}, which are in the order of magnitude
of Courant numbers employed for atmospheric simulations. Results in terms of the error
ratios are shown in Tables 5.1 and 5.2; note that negative values indicate that the error
obtained with a splitting by fluxes is lower than the error obtained with a splitting by
cells. It shows that both alternatives lead to similar errors.
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5.1.3 Conclusions

For high precision computations involving a small grid size and a small time step, a
splitting by fluxes leads to larger errors than a splitting by cells. For computations with
comparatively low accuracy demands both splittings perform equally well. For large
Courant numbers both approaches yield similar results.

5.2 Advection-reaction

5.2.1 Setup

To demonstrate a true IMEX splitting and affirm the results of the stability analysis of
Section 3.5 we consider uniform advection in one spatial dimension coupled with a reaction
rate equation similar to Robertson’s equation [36]:

∂

∂t
c = − ∂

∂x
c+R(c),

c(x = 1, t) = c(x = 0, t)

c(x, t = 0) =

 sin16(πx)
0
0

 ,

R(c) =

 −k1c1 + k2c2c3

k3c1 − k4c2c3 − k5c
2
2

k6c
2
2

 ,

k1 = 10−4k3 = 0.4,

k2 = 10−4k4 = 0.1,

k5 = 10−3k6 = 3 · 105.

Note that the time constants k differ from those employed in the original article. Spatially
the unit interval is discretized in 500 cells of size h = 1/500. The advection operator used
is the positive third order upwind biased method. The outer method is either (RK43)
or (RK43b). As inner integrator we employ the two stage third order SDIRK method
(SDIRK3). To compute the stages of the implicit method we employ a Newton iteration
and update the Jacobian for each iteration step. The analytic Jacobian is employed. The
Newton iteration terminates as soon as the L1-norm of the difference of two successive
iterates is lower than 10−10 or the number of steps exceeds 20. We take the maximum
number of Newton steps employed for the solution of one system in the course of the
integration as a measure for the stability and assume that the system is unstable if 20 or
more iteration steps are employed.
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Figure 5.5: Reference solution for advection-reaction test at t = 1.

h 1/25 1/50 1/100 1/200 1/400 1/800 1/1600
νmax(RK43) 0.591 0.644 0.671 0.679 0.696 0.725 0.774
νmax(RK43b) 0.707 1.055 1.487 1.570 1.840 1.825 1.808

Table 5.3: Empiric stability limit depending on spatial resolution for positive third order
upwind discretization.

5.2.2 Results

First we compute reference solutions at t = 1 for each of the ERKs in consideration with
a time step of ∆t = 10−6, resulting in a Courant number of ν = 5 · 10−5. The resulting
profile is shown in Figure 5.5. To examine the convergence behavior we solve the system
with different time steps and examine the weighted L1 difference to the reference solution,
see Figure 5.6. It shows that (RK43b) is more stable, while (RK43) yields smaller errors
for Courant numbers 0.1 < ν < 0.6. For a Courant number of ν = 0.2 the error obtained
with (RK43b) is approximately six times as large as the error obtained with (RK43).

Finally we examine how the spatial resolution influences stability. We determined
the stability limit precise down to three digits after the decimal point with a logarithmic
search, see Table 5.3. For few (large) cells, both methods show similar stability limits, for

h 1/25 1/50 1/100 1/200 1/400 1/800 1/1600
νmax(RK43) 0.769 0.727 0.706 0.692 0.704 0.734 0.780
νmax(RK43b) 1.286 1.870 2.352 2.161 2.105 2.049 2.024

Table 5.4: Empiric stability limit depending on spatial resolution for first order upwind
discretization.
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Figure 5.6: Error with respect to the Courant number for advection-reaction test.

more than 100 cells (h < 1/100) the stability limit approaches the theoretical prediction.
To examine in how far this results from the nonlinearity of the spatial discretization we
repeated the stability test with a first order upwind spatial discretization, see Table 5.4.
Here the spatial resolution has a much smaller influence on the maximum Courant number.
A further test with the third order upwind discretization (without limiter) was not possible
as this method is not positivity preserving and thus is unstable for the test equation
employed here.

5.2.3 Conclusions

The numerical results presented in this section affirm the theoretical results of the stability
analysis presented in Section 3.5. On coarse spatial resolutions however the stability of
the positive third order upwind discretization cannot be conservatively predicted based
on the analysis of the third order upwind and first order upwind discretization. The four
stage third order ERK optimized for stability (RK43b) shows the predicted stability in
numerical tests.
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5.3 Fire spread

5.3.1 Setup and general properties

We examine a diffusion-reaction equation describing a very simple model of fire spread:

∂

∂t

(
ϑ
c

)
= k0ϑc

(
ϑ
−c

)
︸ ︷︷ ︸

reaction

− k1ϑ

(
ϑ
0

)
︸ ︷︷ ︸

cooling

+∇
(
D∇

(
ϑ
0

))
︸ ︷︷ ︸

diffusion

with the reaction speed k0 = 15 the cooling speed k1 = 0.1 and the heat diffusion coef-
ficient D = 10−4 on a square domain of (x, y) ∈ [0, 1] × [0, 1]. We employ zero gradient
boundary conditions. The initial condition is given by

c0(x, y) = y,

θ0(x, y) =

{
100 if (x, y) ∈ [0, 0.01]× [0, 0.01],

0 otherwise.

The dynamics of the system are very interesting: after a brief initialization period dur-
ing which the “ignition spark” is diffused, the system evolves slowly until reaching t ≈ 34
(6.6% of total mass burned). Then peak temperature and speed increase significantly
for a short period until t ≈ 39 (91% of total mass burned), see also Figure 5.7. At all
times the ”fast” components are localized at the flame front, which makes this scenario
an interesting candidate to solve with a multirate method, especially in the context of
local time step adaptation.

5.3.2 Discretization and implementation

The domain is spatially discretized in 100 by 100 cells, the common second order central
diffusion discretization was employed in a split-dimensional fashion. For time integration
we employ a multirate scheme based on (RK32). This scheme is of second order accuracy,
has good stability properties and has the advantage of conveniently providing a first order
accurate solution as well, which is handy for automatic time step control as is employed for
the chemistry solver. The reaction equation, including source terms representing the heat
transport, is solved explicitly using an adaptive number of steps which is an individual
integer for each cell. It proved efficient to first make one tentative step and then adapt
the number of steps to be taken. Thus the overhead of a step size reduction is limited
to the cost of a single time step. Tests of replacing the explicit chemistry solver by an
implicit Runge–Kutta method of the same order showed poorer performance in terms of
error compared to computational cost.

For the application of a multirate method on the diffusion equation we employ a split-
ting by components, which seems reasonable as the PDE does not have linear invariants
whose conservation has to be ensured. If a multirate method is employed we choose the
local time step to be proportional to a worst case estimation of the temperature gradient.
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t = 29 t = 30 t = 31

t = 32 t = 33 t = 34

t = 35 t = 36 t = 37

Figure 5.7: Qualitative behavior of fire spread test case. Concentration shown in black
(c = 0) through blue (c = 1), temperature shown in black (ϑ = 0) over red (ϑ ≈ 6.4)
through yellow (ϑ > 53.6).
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Consequently the naive temporal refinement level L̃i,j for a cell at spatial indexes (i, j) is
given by

L̃i,j =

⌈
log2

(
max

{
1, |ϑi,j − ϑi−1,j|, |ϑi,j − ϑi+1,j|, |ϑi,j − ϑi,j−1|, |ϑi,j − ϑi,j+1|

})⌉
.

These naive time levels are subsequently corrected to ensure that the time steps of adjacent
cells differs by a factor of two maximum. Naively this can be implemented by initialization
of the time levels Li,j according to

Li,j := L̃i,j

and repeated application of the following assignment

Li,j := max {Li,j,max {Li±1,j, Li,j±1} − 1} .

This assignment ensures that none of the final time levels Li,j is smaller (i.e. coarser)
than the corresponding naive time level L̃i,j. The iteration is terminated when “nothing
changes anymore” or more formally when the condition

∀i, j : max {|Li,j − Li±1,j|, |Li,j − Li,j±1|} ≤ 1,

is satisfied. This algorithm can easily be modified to take more complex adjacency rela-
tions into account. Note that if a cell has a faster neighbor, the reaction in this cell is
solved on the next higher time level as motivated in Section 3.2.2.

5.3.3 Results

We closely examine the results obtained for simulation time t = 37. At this point the
major fraction of the initial concentration has reacted. To examine the error we compute
a reference solution with the classical scheme, ∆tmacro = 10−5 and an absolute error
tolerance for the reaction solver of 10−6. The remaining computations were done with a
tolerance of 10−5.

Both methods show the predicted second order of convergence, see
Figure 5.8a. To examine the actual efficiency we also considered the computational cost,
thus including effects of the increased algorithmic complexity of the multirate method
and the overhead of choosing a cell specific time level for each time step, see Figure 5.8b.
The computational cost is given in arbitrary units, as only the relative cost gives any
information about the performance across different platforms.

To examine the evolution of the computational efficiency in course of the simulation
more closely we compare two test runs which yield approximately equal errors at t = 37,
that is ∆tmacro = 0.0035 for the classical transport and ∆tmacro = 0.046 for the multirate
transport, see Figure 5.8c. Away from the “main event”, the computational cost per time
step is inversely proportional to the macro time step for both methods. Only during the
most intensive burning the computational cost of the multirate method exceeds the cost
of the classical method. Around t = 37 nine temporal refinement levels were employed,
which means that the smallest cell specific transport time step was

∆tmin = 2−9∆tmacro ≈ 6.84 · 10−6.
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Figure 5.8: Fire spread test case results.
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5.3.4 Conclusions

This test case is especially suitable to be solved with multirate methods as very few cells
(those at the “flame front”) require a much smaller time step than the majority of cells.
Even though the implementation of the multirate method was more complex it showed
significantly higher efficiency in terms of computational cost for reaching a given precision.

5.4 MUSCAT test cases

The implementation described in Chapter 4 was tested with academic and realistic scenar-
ios. Results show good agreement of the solutions obtained with the multirate splitting
and classical time integration. We shall present two test cases. The first test is designed
to make optimal use of the multirate approach by employing a grid with a small region
of interest and a homogeneous, diagonal wind field. The other test case is taken from an
earlier study, with a realistic wind field provided by the COSMO model [20]. Results of
the latter case shall demonstrate the potential of multirate schemes for realistic scenarios
as well as show remaining deficiencies. Both tests were run on an IBM p5-575 server with
16 POWER5 1.5GHz processors and 128GB of memory.

5.4.1 Academic test case

An important characteristic of parallel programs is the speedup1 when distributing the
problem on multiple processors. For the scenario discussed here we observed not quite an
ideal (i.e. linear) speedup, but the overhead is small enough to justify parallel execution.
Furthermore due to a sophisticated balancing approach making use of ParMetis’ multi
constraint partitioning capabilities, the parallelization speedup is comparable to the one
obtained for the much simpler case of single rate time integration.

The domain is quadratic in horizontal direction. A comparatively small region is
refined, see Table 5.5 and Figure 5.9. Sources are located within the region most finely
resolved.

horizontal relative area number of fraction of
cell size columns cells total

4km ≈69% 3584 ≈18%
2km ≈20% 4096 ≈21%
1km ≈10% 8192 ≈41%
500m ≈1% 4096 ≈21%

Table 5.5: Synopsis of spatial structure for academic test case.

1Not to be confused with the reduction of computational cost due to application of a multirate scheme.
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Figure 5.9: Illustration of the spatial structure for academic test run. Hatchings corre-
spond to different grid sizes.

In this domain we tested two kinds of model equations: a pure advection with a uniform
wind field and advection-diffusion-reaction with the same wind field, vertical diffusion and
a chemistry model involving point sources in the finest region and 258 different chemical
reactions of 98 reactants. The overall computational cost of the full system is about 100
times larger than that of the pure advection case. These tests are run on different numbers
of processors each. We compare the computational cost of the multirate approach to the
computational cost without temporal refinement, denoted singlerate. Results are shown
in Figure 5.10.

As the time step is chosen to be directly proportional to the grid size, the naive
reduction of computational cost is approximately 52%. For a pure advection problem we
achieve an average cost reduction of 59%. Here the exceeding of the naive speedup can
be explained by reduced communication. The behavior for the full advection-diffusion-
reaction system however is not intuitive. In the latter case the multirate approach is
applied only to the advection operator whose evaluation contributes about 1% to the
total computational cost. However there still is a significant cost reduction of about 36%.
The reason for this is the behavior of the term solved implicitly depending on the source
term. Each update of this source term introduces a discontinuity in the right hand side
of the equation. In combination with the error control of the second order implicit solver
this causes smaller implicit steps or even makes expensive restarts necessary [29]. Fewer
updates take place if the outer system is solved using a larger time step, thus indirectly
improving the efficiency of the implicit solving.
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Figure 5.10: Computational cost for academic test case. The displayed simulation time
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computational cost of the pure advection setup is about 1% of the full setup’s cost.

5.4.2 Realistic test case

The following test case is taken from a earlier study performed by Hinneburg et al-
[20], examining the effects of emissions of two power plants in Germany. One plant
is located near Lippendorf the other near Boxberg both in the federal country Saxony.
Emissions are modeled by point sources which for the larger part represent the chimneys
of the power plants, and area sources representing the emissions according to land usage.
Meteorological data is provided by the COSMO model via online coupling.

horizontal relative area number of fraction of
cell size columns cells total
2.8km ≈41.0% 1748 ≈7.3%
1.4km ≈41.0% 6992 ≈29.2%
700m ≈16.6% 11312 ≈47.2%
350m ≈1.4% 3904 ≈16.3%

Table 5.6: Synopsis of spatial structure for realistic test case.
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Figure 5.11: Illustration of the spatial structure for realistic test run. Hatchings corre-
spond to different grid sizes.

Again we employ a grid with four levels of refinement with small, highly resolved
regions around the power plants, totalling about 1% of the overall area, see Table 5.6
and Figure 5.11. The high resolution in this context is chosen to ensure an accurate
description of the near field chemistry around the power plants by reducing numerical
diffusion. Exactly equal parts of the total area are on the coarsest and second coarsest
refinement level. Chemical reactions are modeled as in the more complex of the academic
test cases with 258 different chemical reactions of 98 reactants.

Assuming a homogeneous wind field we would expect a slightly higher reduction of
computational cost due to multirate time integration as for the academic test case with
equal diffusion-reaction setup, as a smaller fraction of cells is on the finest refinement
level. The actually obtained cost reduction is lower, see also Figure 5.12. This results
from the fact that the wind fields provided by the COSMO model exhibit strong variability
in all of the computational domain. A more sophisticated time step selection based on
the characteristic times of the individual blocks rather than based solely on the spatial
resolution can be constructed relatively easily. The time step selection employed in Section
5.3 could serve as a blue print for the this. Complications arise for parallel execution –
if the temporal refinement level of a block is changed, a redistribution of the blocks is
necessary. This holds for either of the balancing approaches discussed in Section 4.5.

A further defect concerns the parallelization speedup: while the problem scales well
for up to eight processors, employing sixteen processors yields only very little improve-
ment. At least in part this results from inhomogeneities due to the distribution of the
point sources. The strongest point sources are inhomogeneously distributed on the blocks
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Figure 5.12: Computational cost for realistic test case. The displayed simulation time
was normalized such that the singlerate setup on one processor corresponds one.

with the highest temporal and spatial refinement level. Each of the point sources induces
significantly increased cost for the chemistry solver. For up to eight processors the blocks
containing the point sources are distributed uniformly on all processors; for more proces-
sors this is not the case. This problem is even more complicated due to the temporally
varying wind field. Due to higher concentrations the speed of chemical reactions inside
of the plume is significantly higher than in free air. If the plume is transported into a
previously empty cell, computational cost of this cell is increased for the next time step.
This effect cannot easily be taken into consideration a priori. However employing dynamic
repartitioning based on the measured workload per block seems to be a promising way to
tackle this problem.

The correction of both of the mentioned defects involves the implementation of a
complex repartitioning routine. The aim of workload balancing as discussed in Section
4.5 is a uniform distribution of time level specific workload on the available processors.
Choosing the time level of a block based on the ratio of wind speed and cell size instead
of cell size only makes dynamic time levels necessary for any simulation setups where the
wind field varies with time. Changing the time level of a block leads to load imbalances
and thus makes repartitioning necessary. However computing a new partitioning “from
scratch” is not a good solution as the transfer of complete block data from one processor
to another is expensive. Instead a sophisticated repartitioning routine must also take into
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account, data on which blocks are present on which processors and ensure that as few
blocks as possible are moved from one processing element to another. This also has to
include a heuristic to determine if repartitioning is worthwile.
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Chapter 6

Conclusions and outlook

In this thesis we presented a general splitting approach called Recursive Flux Splitting
Multirate (RFSMR) that can be employed to construct purely explicit multirate meth-
ods, implicit-explicit (IMEX) methods and multirate-IMEX methods combining the ad-
vantages of both splitting approaches. The approach is generic in the sense that a parti-
tioned method is constructed from the parameters of an explicit Runge–Kutta method and
further time integration methods which are not strictly limited to Runge–Kutta methods.
Opposed to other generic multirate schemes the relative time step sizes for the different
partitions cannot be controlled by a simple parameter. Instead the relative time step sizes
are dictated by the parameters of the underlying Runge–Kutta methods. In a separate
section we discussed how to obtain a desired ratio of time step sizes.

If all of the employed base methods are Runge–Kutta methods the generated meth-
ods can be written as partitioned Runge–Kutta (PRK) methods, which allows for formal
examination in a well established framework. It shows that the generated methods are in-
ternally consistent, which means that the Runge–Kutta nodes of the different parts of the
method are equal. This can be interpreted as intermediate results of the different parts
being evaluated “at the same points in time”. Unfortunately the constructed methods do
not preserve linear invariants of the system. In the context of split transport equations
this corresponds to a mass defect in the size of the discretization error. To obtain a mass
preserving full discretization for transport equations we split the advection operator by
fluxes instead of the more commonly applied splitting by components. While the latter
kind of splitting does not lead to a consistent full discretization in theory, numerical tests
show that both splittings are on par for relevant simulation setups. For the solution
of advection-reaction systems we showed that recursive application of a bipartite split-
ting can equivalently be expressed as a tripartite splitting which makes a more efficient
implementation possible.

Formal analysis showed that the RFSMR approach leads to second order partitioned
methods if second order base methods are employed. Third order partitioned methods can
be constructed if the employed base methods satisfy the classical third order conditions
as well as one additional order condition presented for a class of IMEX methods in [27].
Recently the third order method was applied successfully to the simulation of geophysical
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flows using a discontinuous Galerkin approach, see Seny et al. [42]. The representation
of the generated methods as PRKs makes it possible to modify the directly constructed
methods so that they preserve the linear invariants. These modified methods are of
the same order of accuracy as the directly constructed (unmodified) methods, but closer
examination shows that they are less stable or computationally more expensive. The fact
that those methods are internally consistent and mass preserving at the same time might
however make them interesting candidates for certain applications.

Stability analysis was carried out for a class of advection-reaction problems and some
IMEX methods constructed via the RFSMR approach and one instance of a modified,
mass preserving IMEX method. A notable result from this analysis is the construction of
a third order explicit method with improved stability properties which is suitable for the
construction of a third order IMEX method.

A major part of this thesis is concerned with implementation issues for a three dimen-
sional atmospheric chemistry and transport model (MUSCAT). While the time integration
routine resulting from the RFSMR approach can easily be implemented, further details
of this implementation pose challenges. The decomposition of the advection operator in
two spatial dimensions, data exchanges and parallelization received special attention. The
more complex program flow for a multirate-IMEX time integration scheme compared to
the IMEX time integration scheme previously implemented in MUSCAT makes classical
workload balancing unsuitable. Instead a so called multi constraint balancing approach
has been discussed and implemented.

Numerical tests show that multirate schemes as well as multirate-IMEX schemes are
more efficient than classical, monolithic time integration schemes. In particular the com-
putational cost can be reduced while satisfying the same demands on stability or accuracy.
For the multirate schemes based on the RFSMR approach we additionally find reduction
of communication cost compared to classical time integration schemes.

Multirate time integration schemes are very promising methods for a wide range of
applications. The combination with an IMEX splitting further increases their potential.
Some simulation setups employing rigorous local grid refinement become feasible only
when multirate methods are employed.

In this thesis we restricted ourselves to a multirate approach based on one step meth-
ods. A combination of RFSMR techniques with multistep methods may be advantageous
for certain applications and further work will have to show how the general splitting
approach presented in this thesis can be extended to the multistep case. Further develop-
ment of MUSCAT will include a time step and time level selection that is not solely based
on the blocks’ spatial resolution but makes use of more detailed information. Additionally
a repartitioning approach that takes the temporal refinement levels of the involved blocks
into account should be implemented.

In atmospheric models, so called Volume of fluid (VOF) methods [32] may serve to
reconstruct the boundary of clouds and thus allow both for a more accurate description
of transport processes and for a better separation of dry phase chemistry in free air and
wet phase chemistry inside of clouds. The combination of VOF methods with multirate
time integration based on flux split transport seems to be promising.
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