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Introduction

In the equations of theoretical meteorology the diffusion equation plays an important role:

∂u

∂t
= div (K · grad u) ,

whereas u is the concentration and K the conductivity. Diffusion also appears in the Euler
equations and in the diffusion terms of the Navier Stokes equation:(

∂u
∂t
∂v
∂t

)
= div[u[

1

2
∇~u+∇~uT ]] = grad[div ~u]− 1

2
curl[rot ~u].

Having an accurate discretization of diffusion is thus a crucial task for atmospherical simu-
lation.
The MUSCAT, the simulation model of the Leipzig Institute for tropospheric research is
currently working only with vertical diffusion, because advection forces preponderates in
the horizontal diffusion. Now a more exact discretization of diffusion shall be implemented
in the MUSCAT and the ASAM, the other model of the institute.
The Multi Point Flux Approximation (abbr.: MPFA) method is a method to simulate dif-
fusion on rough polyhedral grids. It is a control volume method that was developed for
simulation on porous media. In numerical testing the method performs a convergence rate
up to two, depending on the computational mesh. The first chapter will give a detailed
description of the method.
We implemented the method for convex polyhedral grids with the restriction that in each
corner of a cell exactly three edges and faces meet. This excludes for example pyramids
with a quadrilateral base. This very general implementation gives us the ability to test
the MPFA method on a wide variety of the different shaped grid used for atmospherical
simulation. These meshes need to meet different requirements in vertical and horizontal
direction. In horizontal direction the curvature of the earth, i.e. the spherical shape, must
be taken into account and in vertical the orography of the earth surface, i.e. the mountains
and valleys.
There are different approaches to meet this needs. We will describe four different methods
of partitioning the sphere. Besides the rectangular latitude and longitude grid we will intro-
duce quadrilateral, hexagonal and polygonal grids on the sphere. In vertical direction the
orography can be resembled by terrain following coordinates in which the horizontal grid
lines follow the earth surface. Another approach is to cut the orography out of a cartesian
coordinate system. The second chapter covers the grid configurations.
In the third chapter we investigate the numerical properties of the method on the different
grids. We performed two test scenarios on the horizontal grids and each with one on the
2D and 3D vertical grids to compare the terrain following coordinates with the cut cells.
The last chapter summarizes the investigations and points out open questions. It tries to
put the previous development of the theoretical convergence results in a nutshell and inte-
grates the further proceeding into it.
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1 Multipoint Flux Approximation Method

The Multi Point Flux Approximation Method is designed to discretize the elliptic pressure
equation on general rough meshes. It belongs to the family of control volume methods and
provides a local explicit flux with respect to the pressure. [12] We will just refer to the
MPFA O-Method which is most discussed in literature. It was developed for oil reservoir
simulation. The geology with its non parallel layers has to be respected in simulation [13].
The method is suitable for non cartesian meshes. In meteorological modeling we also use
these grids as we will see in section (...). The detailed description of the discretization will
firstly only refer to quadrilateral grids in the two dimensional space. We will afterwards
explain the 3D extension because the implementation was conducted for polyhedral cells.

1.1 Diffusion Equation and the Divergence Theorem

Consider the stationary diffusion equation

Q = − div (K · grad u) , (1)

whereas the conductivityK is a symmetric and positive definite tensor, u is the concentration
and Q the source term. To solve equation (1) it must be equipped with a boundary condition.
[1]
We aim for a discrete form:

Au = Q, (2)

where A is a sparse matrix and u and Q are discrete cell values. By introduction of a new
variable:

q = −K gradu,

the Diffusion Equation reduces to:
div q = Q. (3)

Let Ω be a compact domain with boundary ∂Ω and outer unit normal ~n
Applying the divergence theorem (1) leads to:∫

Ω
Qdω =

∫
Ω

div qdω

=
∫
∂Ω
q~nds

(4)

q~n may be considered as the flux over the boundary of Ω.
On a polygonal domain Ω, a cell of the grid, with vertices (v1, ..., vn), edges (e1, ..., en),
surface area |Ω| = V and the consideration of Q being constant on each cell, equation (4)
becomes: ∫

Ω

Qdω = V Q =
∑
i

fi,

with

fi = −
∫
ei

q ~nids.
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Now we want to find a discrete version of the flux fi that only depends on the discrete cell
values of u. For this discretization we need to define a dual grid.

1.2 Generating the Dual Grid

Let Ω ∈ R2 be the domain with partition G consisting of vertices V, edges E and faces F.
The vertices Ṽ of the dual grid G̃ are the midpoints1 of the cells of the primal grid. The

primal grid barycenters edges dual cell

dual edges link the barycenters/midpoint of two neighbored cells. The edge is bend so that
it exactly crosses the intersection edge in its midpoint. The primal cells and their edges are
intersected by this dual edges. The halved primal edges are denoted subedges. Analogously
intersected cells are denoted subcells. Note that these subcells are always quadrilaterals in
2D and cuboids in 3D. The notion interaction volume is also current for the dual cells.

1.3 Discretization of the Flux

The expression for the flux over an entire edge is a combination of the flux expressions of
its two subedges. To find a discretization of the partial flux we focus on the interaction

entire flux the two partial fluxes partial flux in the respec-
tive interaction volume

volumes, pictured in figure (1)
Let vk be a non-boundary vertex. We will discuss the proceeding at the boundary with
distinct conditions separately.
Let Cj, j ∈ {1, ..., jk} be the cells meeting in vk and cj, j ∈ {1, ..., jk} the subcells that

1The notion of midpoint is not uniquely defined on a quadrilateral, especially when the vertices are not
planar. For the implementation we use the barycenters of the faces. For further investigations concerning
the geometric notions see appendix B.
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Figure 1: Notations

correspond to the respective intersection volume. Without loss of generality we set jk = 4.
The concentration u is resembled by linear functions Uj in each of the four subcells cj. Let
uj be a discrete value of u in the subcell cj. There is no unique definition of the discrete
value. One might use for example the integral of u over the subcell or the value of the
concentration in the dual vertex.
In addition we assume for the moment that we also know the discrete values at the centers
of the edges, denoted:

ūi = uī.

The linear function U1 shall be spanned over the triangle x1, x̄1, x̄2 (see figure (2). The

ν̄1

ν̄2

ν1

n2

n1

x1

x̄1

x̄2

Figure 2: Configuration of the triangle and associated outer normal vectors in subcell c1

interpolation constraints are:
U1(x1) = u1

U1(x̄1) = ū1

U1(x̄2) = ū2

(5)

Set
U1(x) =

∑
1,1̄,2̄

uiφi (6)
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where φi is the linear basis function defined by φi(xj) = δij.
The gradient of φi is given by:

grad(φi) = − 1

2F
νi. (7)

νi are the unit normals respective the dual subedges and F is the surface of the triangle
xi, i = 1, 1̄, 2̄.[2] The normal vectors of the triangle are of the same length as the respective
edge. For these vectors the following relation holds:∑

i=1,1̄,2̄

νi = 0.

This gives us the ability to eliminate ν1

ν1 = −(ν̄1 + ν̄2). (8)

The gradient of U1 may now together with (7) and (8) be written as:

grad(U1) = − 1

2F

∑
i=1,1̄,2̄

uiνi = − 1

2F
[(ū1 − u1)ν̄1 + (ū1 − u1)ν̄2.] (9)

Remember that the flux over an edge ei was given by:

fi =

∫
ei

(−K gradu)~nids.

Equation (9) gives us a discrete expression for gradu. Now together with the normal vector
~ni we are able formulate a discrete flux expression.2 The formulation for the partial fluxes
in subcell c1, that just depends on u1 , ū1 and ū2 is:[

f1

f2

]
= − 1

2F1

[
nT1
nT2

]
K
[
ν̄1 ν̄2

]
︸ ︷︷ ︸

G1

[
ū1 − u1

ū2 − u1

]
. (10)

In the following we may refer to G1 as the the geometry matrix of subcell c1.[1]
Since now we did not mention the direction of the normals. The divergence theorem enforces
an outer normal vector. Each inner edge is the boundary of two cells, so the normal that is
dedicated to the edge must change sign. To determine the direction of the normal respective
a certain cell in a polyhedral grid without a global direction we use the notion of orientation3.
In brief the orientation of an edge respective a cell is positive if its normal points out of the
cell and vice versa. Expression (10) considering the orientation becomes:[

f1

f2

]
= − 1

2F1

[
on1,c1n

T
1

on2,c1n
T
2

]
K
[
oν1,c1 ν̄1 oν2,c1 ν̄2

] [ ū1 − u1

ū2 − u1

]
. (11)

2Here again we are faced with non-uniqueness of definition if the vertices are non planar. We use a
constant vector. For the approximation see appendix A.

3For a detailed definition and association with the proper mathematical context see appendix B
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We will get analogous expressions for the fluxes within the other subcells ck in the interaction
volume surrounding the vertex vj. The geometry matrices Gk ∈ R2×2 with entries gkij depend
only on metrical quantities ( e.g. normals, their orientation, area of the triangle in the
subcell) and the conductivity tensor K.

Gk =
1

2Fk

[
onk1,ckn

T
k1

onk2,ckn
T
k2

]
K
[
oνk1,ck ν̄k1 oνk2,c1 ν̄k2

]
,

For the fluxes f ji in the interaction volume we yield the following system:[
f

(1)
1

f
(1)
2

]
= −G1

[
ū1 − u1

ū2 − u1

]
,

[
f

(2)
2

f
(2)
3

]
= −G2

[
ū2 − u2

ū3 − u2

]
, (12)

[
f

(3)
3

f
(3)
4

]
= −G3

[
ū3 − u3

ū4 − u3

]
,

[
f

(4)
4

f
(4)
1

]
= −G4

[
ū4 − u4

ū1 − u4

]
. (13)

Enforcing continuity of flux in the intersection points yields:

f ji = f j
′

i .

Since we have two conditions for each flux we are able to eliminate the unknowns ūi We define
the vectors u =

(
u1 u2 u3 u4

)T
, ū =

(
ū1 ū2 ū3 ū4

)T
and f =

(
f1 f2 f3 f4

)T
.

By sorting the elements of the respective geometrical matrices in their designated position
we gain the following two equations:

f = Eu + Cū = Hu +Dū (14)

The 4× 4 matrices A,B,C and D are given by:

E =


g1

11 + g1
12 0 0 0

g1
21 + g1

22 0 0 0
0 g2

21 + g2
22 0 0

0 0 g3
21 + g3

22 0

C =


−g1

11 −g1
12 0 0

−g1
21 −g1

22 0 0
0 −g2

21 −g2
22 0

0 0 −g3
21 −g3

22



H =


0 0 0 g4

21 + g4
22

0 g2
11 + g2

12 0 0
0 0 g3

11 + g3
12 0

0 0 0 g4
11 + g4

12

D =


−g4

21 0 0 −g4
22

0 −g2
11 −g2

12 0
0 0 −g3

11 −g3
12

−g4
11 0 0 −g4

12


From equation (1.3) follows an expression for ū:

ū = (D − C)−1(E −H)u. (15)

Finally the flux expression can be written only with the unknowns u:

f = Tu

T = E + C(D − C)−1(E −H). (16)

T is denoted transmissibility matrix.[1]
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1.4 Assembling of the Flux

Let Tk be the transmissibility matrices of the vertices vk. These matrices give us expres-
sions for the partial fluxes in the intersection volumes that surround the vertices. These
expressions need to be allocated for the flux balance in each cell. The cell C1 that is shown

u1
u2

u3

u4
u5 u6

u7 u8
u9

v1v2

v3
v4

f2
1

f1
3

f1
4

f4
2

f4
3f3

1

f3
2

f2
4

Figure 3: Primal Cell (thick line) with Partial Fluxes fki

in the figure with area C̄1 and constant source term G has the following flux balance:

QC̄1 = f 2
1 + f 1

3 + f 1
4 + f 4

2 − f 2
4 − f 3

2 − f 3
1 − f 4

3 . (17)

Assembly leads to the desired sparse matrix A (cf. (2)).

1.5 Extension to Polygonal Grids and Higher Dimensional Do-
mains

For simplicity’s sake the MPFA O-method was just described for quadrilateral grids in the
two dimensional space. Because the implementation was conducted for polyhedral grids in
R3 we first want to explain the extension to polygonal grids and then the generalization for
three dimensional polyhedral meshes.

1.5.1 Polygonal Grids

The extension to polygonal grids in 2D is quite straightforward. The dual grid can emerge
from the primal by the same rules as in the quadrilateral case. Let nk be the number of
cells and edges that adjoin in the vertex vk. In 2D these numbers must be equal. The
intersection volume is spanned over the midpoints of the cells and the midpoints of the
edges. In every polygon the subcells that emerge by connecting the midpoint of the polygon
with the midpoints of two neighbored edges are of quadrilateral shape.[11] This gives us
the ability to apply the discretization of the flux via spanning a linear function over these
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quadrilaterals (cf. (6)).
The size of the transmissibility matrix that gives the expression for the flux over the edges
in dependance on the concentration in the cells equals the number of cells times the number
of edges of the vertex: Tk ∈ Rnk×nk .

1.5.2 3D Domains

Note that the term cell always refers to the highest dimensional element of the grid. Hence,
in 2D we may refer to the faces as cells whereas in 3D the same term denotes a polyhedron.
Let Ω ∈ R3 be a domain. Let G be a polyhedral partition of Ω. We have to make two
restrictions to the cells C ∈ G:

• the cell need to be convex and

• each corner of the cell consists of precisely three edges and faces.

The second constraint is called the corner constraint. A tetrahedra does satisfy the property,
a pyramid with a quadrilateral base does not. Let vk be a vertex of G. In vk cells Ci, i =
1, ..., nC meet, that are intersected by faces Fi, i = 1, ..., nF . The interaction volumes that
appear in the dual grid are formed by the linking of the midpoints of the cells xi, i = 1, ..., nC ,
of the faces x̄i, i = 1, ..., nF and of the edges that are adjoined in one vertex. The corner
constraint ensures the cuboidal shape of the subcells. To discretize the gradient in the three

dimensional subcell we need to formulate the interpolation constraints. Let uk be a discrete
value of the concentration in the cell and ūi, i = j1, j2, j3 the discrete values on the faces. To
satisfy the four degrees of freedom of a linear function in 3D, the interpolation constraints
are:

U1(x1) = u1

U1(x̄k1) = ūk1

U1(x̄k2) = ūk2

U1(x̄k3) = ūk3 .

(18)

The elimination of the unknowns ūi, i = 1, ..., nF approaches analogously to the two dimen-
sional case.
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The transmissibility matrix gives flux expressions for the flux over the faces in dependance
of the cells. Hence, the size of Tk is given by nF × nC .[1]

1.6 Boundary Conditions

1.6.1 Implementation Strategy for the Boundary Cells

In the description of the MPFA method we restricted the definition of the transmissibility
matrices to non-boundary cells. If the interaction volume is located at the boundary of the
domain we do not have two conditions for the fluxes over the edges at the boundary. The
elimination of ū can not be conducted as given in (15). We use an equivalent formalization
of the transmissibility matrix. The two equations for the fluxes

f = Eu+ Cū

f = Hu+Dū, (19)

may be written in the form: (
f
f

)
=

(
E C
H D

)(
u
ū

)
.

For eliminating ū we split the matrix in parts for u and ū:(
f
f

)
=

(
E 0̄
H 0̄

)(
u
1

)
+

(
0 C
0 D

)(
0
ū

)
,

where 0̄ is a vector filled with zeros.
With the identity I this leads us to:(

I −C
I −D

)
︸ ︷︷ ︸

Tfū

(
f
ū

)
=

(
E 0̄
H 0̄

)
︸ ︷︷ ︸

Tu

(
u
1

)
. (20)

By inverting the matrix on the left hand side we gain an equation for the flux that depends
only on the concentration in the cell centers u:(

f
ū

)
=

(
I −C
I −D

)−1(
E 0̄
H 0̄

)(
u
1

)
In an interaction volume located at the boundary empty rows in Tfū occur, because we have
only one condition for the flux through a boundary face. The boundary conditions, weather
they are Neumann, Dirichlet or mixed, will be inserted in this rows to keep the solvability.
We calculate a transmissibility matrix for each node. The Matrix T̃ := T−1

fū Tu has number
of adjacent faces rows and number of adjacent cells plus one columns.
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CC1 2

u3
u2

u2

u1

u1 f 1

f 3 f 3

f 2
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1 2
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Figure 4: Cells C1 and C2 at the top boundary of the domain.

1.6.2 Insertion of Boundary Condition

To describe the insertion of the proper boundary conditions we refer to the situation given in
figure (4). Extension to other boundary situations and other dimensions is straight forward.
In equation (14) we have two equations for each flux. In our case only flux f3 has two
conditions. Thus we can just eliminate ū3. The matrices H and D have no entries for the
fluxes f1 and f2. Hence Tfū is not regular. We are given a mixed boundary condition:

αf + βū = g(v̄), withα, β ∈ R

and g(·) a function at the boundary. By writing out the whole system (20) one can clearly
see its regularity:

1 0 0
0 1 0
0 0 1

C ∈ R3×3

α 0 0
0 α 0
0 0 1

β 0 0
0 β 0
h31 h32 h33




f1

f2

f3

ū1

ū2

ū3

 =


E ∈ R3×3

 0
0
0


0 0
0 0
d31 d32

g(v̄1)
g(v̄1)

0


Note that this approach can be applies to pure Neumann or Dirichlet boundary conditions
by setting α equal to one and β equal to zero and vice versa.

12



2 Atmospherical Simulation Grids

The spherical shape of the earth and its non smooth surface has to be respected in at-
mospherical and meteorological simulation. The horizontal coordinate system respects the
spherical shape whereas the vertical fits to the orography of the earth’s surface. There exist
different approaches of horizontal and vertical coordinate systems.
The German weather service (DWD) uses spherical coordinates for horizontal and terrain
following coordinates for vertical coordinates in their local model (LM=Lokal Modell). In
the model only small domains are considered and the equator of the sphere will be moved
into the domain to guarantee a maximal quadratic shape of the cells and avoid pole singu-
larity problems [18].
The global numerical weather prediction model of the German weather service is called
GME. It uses an almost uniform icosahedral-hexagonal grid. It emerges from a regular
icosahedron whose triangular faces are gradually refined, by partitioning them into four
smaller triangles. The respective dual grid gives the icosahedral-hexagonal grid, which con-
sists only of hexagonals except in the vertices of the original icosahedral. The grid avoids

FEBRUARY 2002 321M A J E W S K I E T A L .

FIG. 1. Regular icosahedron, which consists of 20 equilateral
triangles.

FIG. 2. Grid generation by successively halving the triangle edges to form new triangles.
Parameter ni is the number of intervals on a major triangle edge.

spherical triangles, where ni is the number of equal in-
tervals into which each side of the original icosahedral
triangles is divided. Each of these 10 1 2 grid points2ni

is surrounded by 6 nearest neighbors except for the orig-
inal 12 icosahedral vertices, which are surrounded by
only 5. We therefore refer to these 12 special points as
pentagonal points. If we place all variables at the ver-
tices of the triangles (Arakawa A grid), the dual mesh

consists exclusively of hexagons except for the 12 pen-
tagons at the pentagonal points.

The number ni is a natural parameter for specifying
the resolution of the grid. It can be shown that there is
a close numerical equivalence between ni and the max-
imum harmonic degree in a spherical harmonic repre-
sentation (Yang 1997). The (minimum) spacing between
grid points is then the length of a side of the original
icosahedral triangles (about 7054 km for the earth) di-
vided by ni. For example, with ni 5 128 we obtain a
spacing between grid points of about 55 km.

The icosahedral–hexagonal grid provides a nearly
uniform coverage of the sphere even though the hex-
agonal cells vary somewhat in their exact shape and size
(Table 1a), especially those close to the pentagons. The
pentagons, however, are perfectly regular. To increase
the available choice of grid resolution, an initial trisec-
tion of the main triangles edges followed by bisections
may be performed. Specifications for these grids are
summarized in Table 1b.

By combining the areas of pairs of the original ad-
jacent icosahedral triangles (Fig. 3), the global grid can
logically also be viewed as comprising 10 rhombuses
or diamonds, each of which has ni 3 ni unique grid

Figure 5: Grid generation by successively halving the triangle edges to form new triangles.
Parameter ni is the number of intervals on a major triangle edge.

pole singularity problems and is well designed for parallel computation [14].
The OLAM, i.e. the Ocean-Land-Atmosphere Model, designed to take all scales of atmo-
spheric flows into account. It works with a triangular mesh in horizontal and shaved cells
in vertical direction [19]. We will refer to shaved cells as cut cells.
A new type of the atmospheric general circulation model based on the nonhydrostatic system
and the icosahedral grid is developed. It is called Nonhydrostatic Icosahedral Atmospheric
Model (NICAM) and designed to make use of the extending computer power of the Earth
Simulator, a Japanese Supercomputer. It works with an icosahedral-hexagonal mesh in hor-
izontal direction. The grid is constructed as in [14] and smoothen by using spring dynamics
[17].
The climate department of the Los Alamos National Laboratory use centroidal Voronoi tes-
sellation on the sphere. The grid is iteratively generated from randomly distributed points
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on the sphere. This type of grid is simple to generate and discretizes the sphere very uni-
formly. The numerical solutions turn out to be very robust [16].
This section will give an overview over the construction of some of the grids named above.
First we want to introduce the possibilities for vertical coordinates, namely cut cells and
terrain following coordinates. Then we want to present some grids on the sphere. We will
refer to the implementation of the different grid types and describe the data structure for
general polyhedral grids.

2.1 Horizontal Grids

For large scale modeling the spherical shape of the earth must be taken into account. The
simplest spherical grid is the classical orange slice shaped rectangular longitutde/latitude
grid, that is used in geography. There are several disadvantages of this kind of grid. The
size of the cells strongly varies and there appear singularities at the poles. New approaches
for avoiding this disadvantages are the use of centroidal Voronoi tessellation girds, with
uniform hexahedral cells and a icosahedral-hexagonal grid that is generated by refinement
of a icosahedron. In this work we introduce four different types of horizontal grids. The
first is the classical spherical grid, then centroidal Voronoi tessellation and a refinement of
the dodecahedron, which will lead to a grid very similar to the icosahedral-hexagonal grid.
Finally we introduce a quadrilateral grid on the sphere, which emerges from a wrapping of
a cartesian grid around the sphere.

2.1.1 Rectangular Longitude/Latitude Grids

This classical spherical grid is shaped like the latitudes and longitudes used in geography.
It is the conventional mapping of the spherical coordinate system in a cartesian. Let S be
the spherical coordinate system on a sphere with radius r

S = [−π
2
,
π

2
]× [−π, π] � (λ, ϕ),

and G be an equidistant partition of S

G = {(λi, ϕj) | λi = −π
2

+
i π

nλ
, ϕj = −π +

2 j π

nϕ
} i = 0, ..., nλ , j = 1, ..., nϕ.

The vertices of G are mapped via:

x = r sinϕ cosλ
y = r sinϕ sinλ
z = r cosϕ.

The main problem of this kind of grid are the poles. In the poles nϕ cells meet. On a
fine-meshed grid this may lead to computational problems. We avoided this problem by
subtracting and adding a small ε ∈ R+ on the boundaries of the interval of λ. The cells do
not meet in the poles anymore. The logical cartesian property of the grid is kept.
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2.1.2 Centroidal Voronoi Tessellation Grid

Before explaining the algorithm for generating the centroidal Voronoi tessellation we need
some definitions. Let Ω be an open, bounded domain on Rd and {xi}ni=1 ∈ Ω a set of
distinct points. For each xi the corresponding Voronoi region or Voronoi cell is defined by:

Vi = {x ∈ Ω | ‖x− xi‖ < ‖x− xj‖for j = 1, ..., n , j 6= i},

whereas ‖ · ‖ is the Euclidean distance. Clearly Vi ∩ Vj = ∅ for i 6= j and ∩ni=1V̄ i = Ω̄. The
partition {Vi}ni=1 is called the Voronoi tessellation of Ω corresponding to {xi}ni=1. The single
point xi is denoted the generator of Vi. The dual grid of the Voronoi tessellation consists
of triangles in 2D and tetrahedra in 3D and is called Delaunay tessellation. [15].
Let ρ(x) ≥ 0 be a density function on Ω. For any region V ∈ Ω the standard mass center
x∗ of V is given by:

x∗ =

∫
V
xρ(x)dx∫

V
ρ(x)dx

.

A Voronoi tessellation in which the generators xi for the Voronoi regions Vi are themselves
the mass centroids of those regions is denoted a centroidal Voronoi tessellation[6].
For constraining the centroidal Voronoi tessellation to a sphere we use the constrained cen-
troidal Voronoi tessellation. The generation of the grid uses an algorithm known as Lloyd′s
method for CCVTs :
Algorithm Given a surface S, a density function ρ(x) defined for all x ∈ S, and a positive
integer k
0. select an initial set of k points {zi}ki=1 on S e.g., by using a Monte Carlo method;
1. construct the Voronoi sets {Vi}ki=1 of S associated with {zi}ki=1;
2. determine the constrained mass centroids of the Voronoi sets{Vi}ki=1;
3. these constrained centroids form the new set of points {zi}ki=1;
4. if the new points meet some convergence criterion, terminate; otherwise, step 1. [7]
For numerical testing we compared grids with fewer iteration steps that are less rectangular

Figure 6: Centroidal Voronoi Tessellation with 64 Cells after 1, 5 and 50 Iteration Steps

to those with a higher number of iteration steps that get more consistent. After a certain
number of iterations the number of vertices of the polygons shall be between four and seven.
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2.1.3 Uniform Refinement of the Platonic Dodecahedron

This grid satisfies the demand for uniform mesh refinement of a polygonal grid on the sphere.
The basis is a platonic dodecahedron. In the first refinement step each pentagon contracts
and is encased by five halved hexagons. At each edge of the pentagon two halved hexagons

emerge which fuse to form a hexagon themselves. In the following refinement steps the
hexagons and pentagons shrink again and will be encased by six respectively five halved
hexagons. For implementation we inserted a yet existing grid that was generated with a

Figure 7: Dodecahedron after none, one and two steps of refinement

PASCAL code.

2.1.4 Quadrilateral Grid on the Sphere

The quadrilateral grid on the sphere avoids pole singularities. The cell size is nearly uniform.
The ratio of the smallest to the biggest cell is nearly two and does not increase under
refinement. The main idea is to map the computational domain [−3, 1] × [−1, 1] on the

Figure 8: Quadrilateral Grid on the Sphere

sphere. Figuratively one can describe the approach by folding the domain in the middle and
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inflate it to a sphere. For the construction of the grid we first focus on the mapping of the
unit square [−1, 1] × [−1, 1] � (ξ, η) on a unit disk. The north sector of the computational
domain is the part of the square satisfying |ξ| ≤ η.
The main idea is to map a horizontal line segment between points (−d, d) and (d, d) on a
circular arc of radius R(d), passing through points (−D(d), D(d))) and (D(d), D(d)). Due to

(-d,d) (d,d)
(-D(d),D(d)) (D(d),D(d))

the radius not necessarily being equal to one, the center of the circle is located in (0, cy), with

cy = D(d)−
√
R(d)2 −D(d)2. For each point (ξ, η) in the north sector of the computational

domain, i.e. |ξ| ≤ η the mapping on the disk is given by:

Xn(ξ, η) = D(η) ξ
η

Yn(ξ, η) = D(η)−
√
R(d)2 −D(d)2 −

√
R(d)2 −Xn(ξ, η)2

The mapping of the other three parts of the unit square is obtained by negating and/or
swapping the arguments (ξ, η) or functions Xn, Yn.
By mapping of the disk on the hemisphere we gain a mapping from the unit square to the
hemisphere. The computational domain [−3, 1]× [−1, 1] consists of two clotted unit squares
that will be mapped on two hemispheres which form an entire sphere. If the distance
between the arcs on the disk is uniform, a mapping of the disk on the hemisphere will lead
to elongated cells near the equator. The formula:

D(d) = sin(
πd
2√
2

)

compresses the grid lines near the boundary of the disk. With given functions X(ξ, η)
and Y (ξ, η) for the mapping from the unit square to the unit disk we define the mapping
functions XS(ξ, η), YS(ξ, η) and ZS(ξ, η) for the mapping of the computational domain on
the unit square: [4]

XS(ξ, η) =

{
X(−(ξ + 2), η) if |ξ + 2| ≤ 1

X(ξ, η) if |ξ| ≤ 1

YS(ξ, η) = Y (ξ, η)

ZS(ξ, η) =

{
−
√

1− (X(−(ξ + 2), η) + Y (ξ, η)2 if |ξ + 2| ≤ 1

−
√

1− (X(ξ, η) + Y (ξ, η)2 if |ξ| ≤ 1
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2.2 Vertical Grids

Beneath the spherical shape of the earth the orography of the earth ,i.e. the shape of the
earth, the mountains and valleys, must be resembled in the horizontal coordinates of the
computational mesh. This vertical modifications can e applied to all of the above introduced
horizontal grids. If the computational domain for modeling is sufficiently small, the spherical
shape may be neglected. Let D ∈ R3, v = (x, y, z)T ∈ D be such a domain in which the
mesh shall be inscribed into and O(·, ·) the orography function, i.e. O(x, y) returns the
height of the ground level at a certain point (x, y) ∈ D.
As mentioned above there are two possibilities to insert the orography information into the
grid, cut cells or shaved cells which literally cut the orography out of a grid that does not
take the orography into account and terrain following coordinates that squeeze the grid from
the ground level, but keeps the grid logically cartesian.

2.2.1 Terrain Following Coordinates

Terrain following coordinates are generated by a transformation of a cartesian coordinate
system in its vertical direction. The cartesian property is, in contrary to the cut cells, kept
by this transformation. Several transformations of the grid are conceivable but for imple-
mentation we use the traditional transformation, developed by Gal-Chen and Somerville
in 1974 to solve the Navier-Stokes Equation [9]. The horizontal grid lines strongly follow
the orography near the ground and get shallower the farer away from the ground level
they are. Let G ⊂ Rn be a cartesian grid with coordinates x̄, ȳ and z̄ on the domain
[0, Hx] × [0, Hy] × [0, Hz] and O(x, y) the orography function that should be applied on G

to get the transformed grid Ĝ with coordinates x, y and z. The transformation is given by:

x = x̄,
y = ȳ,
z = [z̄(Hz −O(x, y))/Hz] +O(x, y).
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Figure 9: Cut cell grid and terrain following coordinates in a 2D domain matched to the
same mountain.
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2.2.2 Cut Cells

The basis of a cut cell grid may be any polyhedral grid. We restrict our investigations to a
cubic cartesian grid G ⊂ R3, consisting of sets of p-dimensional elements p ∈ {0, ..., 3}. Of
course the definition can be downsized to two dimensions, but as the implementation was
conducted for three dimensions we will give this description. The p-dimensional element
sets are:

• 0-dimensional vertices V = {vi = (xviyvizvi)
T , i = 1, ..., nv},

• 1-dimensional edges E = {ei, i = 1, ..., ne}, with boundary ∂ei = {vi1, vi2} consisting
of vertices,

• 2-dimensional faces F = {fi, i = 1, ..., nf}, with boundary ∂fi = {ei1, ei2, ei3, ei4}
consisting of edges that are ordered to orbit the face and

• 3-dimensional cells C = {Ci, i = 1, ..., nC}, with boundary ∂Ci = {fi1, fi2, fi3, fi4, fi5, fi6}
consisting of faces

The border of a domain D ⊂ R3, in our case the orography function, is literally cut out of
the grid. Elements that are located entirely out of the manifold will be rejected. Those that
intersect the manifolds boundary are modified and new elements (faces, edges and vertices)
emerge to mimic the smooth boundary surface ∂D. In figure 2.2.2 we can see modified
3-dimensional elements which cross the boundary. The new elements are the colored faces
which built together with their edges and vertices a part of the boundary D. Instead of

Figure 10: Cut Cells in 3D

the boundary of a general manifold we will consider the orography function O(x, y) to be
cut out of the grid. Note that we exclude the case of having caves on the earth surface by
forcing O to be a function. A suitable way to describe the boundary is a levelset function.

ϕ(x, y, z) = z −O(x, y).

With the help of a level set function ϕ the boundary is described by the set ϕ(x, y, z) = zero.
We introduce a cutting operator C. This operator will be consecutively applied to the sets
of p-dimensional elements (V , E, F and C) of G. It is firstly applied to the vertices
to distinguish weather they are located above or underneath the earth’s surface. Those
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vertices that are not rejected build the set V̂1. Then the cutting operator will be applied
to the set of edges. It induces the the set of edges whose ends both lie above the ground
and those that intersect the boundary. Those form the set Ê1. The intersection point of
an intersecting edges with the boundary is the null of the levelset function on the interval
of the edge. These intersection points form the set V̂2 which merged with V̂1 establish the
total set of vertices of the cut cell grid Ĝ. By applying the cutting operator we yield the
set of faces F̂1 that are above the boundary or intersecting it. The intersection edges are
formed by joining the intersection points of the intersecting edges that belong to the face
(see below for details). Thus the total set of edges consist of these edges Ê2 together with
Ê1. Analogously we apply the cutting operator to the cells. In this step the cross section of
the cells with the boundary form the set of faces F̂2 that again merges with F̂1 to the total
set of faces.
We see that the procedure of applying C must be successive. It is not a mapping because
more than one element may emerge as an image of a single element. We focus on the single
steps of the approach of applying the cutting operator:

Step 1: C(V ) In the first step the operator is applied to the vertices. Those that are
located below the orography or at the boundary are rejected.

C(vi) =

{
vi if ϕ(xvi , yvi , zvi) > 1

∅ else

C(V ) = V̂1 = {vi ∈ G | C(vi) 6= ∅}

Step 2: C(E) In the second step C will be applied to the edges E. The edges that are
located below the orography are rejected, those that are entirely located above are kept
unmodified. For those edges that intersect the ground level a new vertex, the intersection
point, emerges. The vertex of the edge that is below the orography is replaced by the
intersection point. The edge is shortened, but keeps its topological characteristics. Note
that the vertices that are located on the boundary, which were rejected in step 1 will appear
as intersection points again.
Let ei ∈ E be an edge with ∂ei = [vi1, vi2] and length |e|. Formally the application of the
cutting operator to the edges can be expressed as follows:

C :=


ei , if ϕ(vi1) > 0ϕ̂(vi2) > 0

∅ , if ϕ(vi1) ≤ 0ϕ̂(vi2) ≤ 0

(ẽi, ṽi) , else

The modified edge ẽi is defined by its boundary:

∂ẽi :=

{
{ṽi, vi2} , if ϕ(vi1) ≤ 0

{vi1, ṽi} , if ϕ(vi2) ≤ 0.
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For a sufficiently monotonous levelset function ϕ the intersection vertex is a root of ϕ on
the interval of the edge:

ϕ(ṽi) = 0.

As an image of E under C we gain:

C(E) = Ê1 ∪ V̂2,

with
Ê1 = {ei ∈ E | C(ei) 6= ∅}

V̂2 = {ṽi | i ∈ I}, I = {i ∈ N | ei intersects the orography}.

Step 3: C(F ) The operator C will be applied to the faces F . Faces that are entirely below
or above the ground level will be rejected or kept unmodified. Let fi be a face orbited by the
edges {ei1, ei2, ei3, ei4}. And let the set {vi1, vi2, vi3, vi4} be the vertices of fi. Application
of C to fi:

C(fi) :=


fi if ϕ(vij) > 0∀j = 1, ..., 4

∅ if ϕ(vij) ≤ 0∀j = 1, ..., 4

(f̃i, ẽi) else .

For the construction of the modified face f̃i we consider the images of the edges of fi under
the operator C. We define:

∂ ¯̃
if = {C(ei1), C(ei2), C(ei3), C(ei4), ẽi}.

Let eik and eil be the edges that intersect the orography function, i.e. C(eij) = ẽij, j = k, l.
The vertices ṽil and ṽik are the associated intersection points. The edge ẽi that nestles up
against the orography is the linking between these two intersection points. Without loss of
generality we set:

∂ẽi = {ṽik, ṽil}.

For the modified face f̃i the edges must be ordered to orbit the face again. The image of F
under the cutting operator are the modified faces F̂1 and the edges that nestle up against
the orography Ê2.

Step 4: C(C) In the forth and last step we finally generate the cut cells. We consider a
cell Ci with boundary ∂Ci = {fij, (j = 1, ..., 6)} and vertices {vij , j = 1, ..., 8}. The cutting
operator is analogously defined by:

C(Ci) := {


Ci if ϕ(vij) > 0∀j = 1, ..., 8

∅ if ϕ(vij) ≤ 0∀j = 1, ..., 8

(C̃i, f̃i) else
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Again we consider the image of the boundary faces to compose C̃i and define for the bound-
ary of the modified cell:

∂C̃i := {C(fij)(j=1,...,6), f̃i}

Let E be the set of edges of C(fij)(j=1,...,6):

Ẽi := {∂(C(fij))(j=1,...,6)}

The edges of Ẽ that are also elements of Ê2, i.e. that emerge from the construction of the

modified faces build the intersection face of the cell f̃i. The intersection set ˜̃E = Ẽi ∩ Ê2

contains the edges that form f̃i.
The edges have to be put into the right sequence to make sure that the face is orbited.

∂f̃i = {el1, ..., elni
}, elj ∈ ˜̃E (j = 1, ..., ni)

By this four steps all the elements of the cut cell grid are constructed.

2.3 Implementation and Data Organization

The different grid configurations mentioned above can be transformed into the framework
of general polyhedral grids. The only constraint of the grid configuration is that each corner
of each cell must consist of exactly three faces. This includes all the above grids but for
example excludes girds that consist of pyramids with a quadratic base. For special applica-
tions we stick closely to the architecture of the grid. So we need an organization of the data
that provides information but minimizes the computational cost. For this the combinatorial
properties of the mesh are separated from the metrical. We only store geometrical informa-
tion, i.e. the coordinates, for the vertices. Furthermore only incidence will be stored. In
graph theory incidence is resembled by an incidence matrix. It expresses the relation of two
classes of objects. For example the incidence matrix of cells and faces has a row for each
cell and a column for each face. If a cell and a face are incident, i.e. the face is a boundary
element of the cell, the entry in matrix is 1 or −1, weather the orientation of the face is
positive ore negative.
The incidence matrices are not efficient to handle in an implementation. Instead, we use
pointers which point to the respective elements. As the implementation is written in Mat-
lab, the pointers are resembled by structs that are attached to each element. A struct
contains the numbers of the positions of the associated elements. By generating these lists
and attaching the boundary information of the single elements the combinatorics of the grid
is fully described.
The metrical quantities, like midpoints or surface areas, are computed in a separate routine
and attached to the struct of the respective elements. We have still not yet defined the
notion of orientation. It is a generalization of left and right in a vicinity without global
directions. The term orientation is used in linear algebra and differential geometry. We will
consider the linear algebra definition and amplify it for our needs. Let V be a vector space
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Figure 11: Example of a Struct of a Face in the Actual Matlab Implementation

and B1 and B2 two bases of V . Let E : V → V be the linear transformation that maps B1

into B2. We denote the bases equally oriented if:

det(E) > 0.

Thus an orientation is an equivalence class of bases. Let v, w ∈ R be linearly independent.
Then the bases (e1, e2, e3)and(v, w, v×w) are equally oriented [8]. If we assign the orientation
positive to the canonical basis, we detect that the basis that is formed by two linearly
independent vectors and their cross product, i.e. the normal vector on the plane that is
spanned by them, are positive oriented too. We may assign a negative orientation to the
half-space into which the normal vector points.
This property is extendable to define orientation on the mesh. The faces of the mesh are
not necessarily planar. The edges and so the vertices that define the boundary of a face are
ordered to orbit the face. This is necessary to define a normal vector on this skew face4.
The direction of the normal vector is unique. So the cell in which the normal vector points
is assigned a negative orientation and vice versa.
To adapt the by definition two dimensional spherical grids into the framework of general
polyhedral 3dimensional grids, it will be inflated. The approach of the inflation is as follows:
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Figure 12: Flat and Inflated Rectangular Longitude/Latitude Spherical Grid.

Let G1 be any grid on the sphere S1 around the origin with radius r1 ∈ R. G1 consists of
Vertices V , Edges E and Faces F . Let S2 be a second sphere around the origin with radius

r2 > r1,∈ R. By multiplying the coordinates of the vertices of G with the factor α =
r2
2

r2
1

we get a mapping of the vertices V on the sphere S2. With this mapping we can construct

4c.f. Appendix A
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a copy G2 of the entire grid G1 on S2.
The linking of an origin element with its copy form an element of higher dimension:

• the linking of a vertex with its copy form an edge,

• the linking of an edge with its copy form a face and

• the linking of a face with its copy form a cell.

The elements of G1, G2 and the elements emerged by linking form the inflated spherical
grid that is a 3dimensional analogon of the flat 2dimensional.
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3 Numerical Tests

In this section we want to investigate the convergence behavior of the MPFA Method on the
different grids which were introduced in section (3). In the first part we compare horizontal
grids. The comparison of cut cells and terrain following coordinates occurs in the second
part of the chapter. We will see convergence near to quadratic behavior for all test scenarios.
The Multi Point Flux Approximation Method, described in chapter (2) discretizes the dif-
fusion equation

Q = − div (K · grad u) .

If the conductivity is the identity the right hand side of the equation becomes the Laplacian:

Q = −∆u.

The discretization yields a system of linear equations

Au = q. (21)

For numerical testing we investigate the discrete solution of (21) with the exact solution.
The entries of the vectors q and u are the discrete values that attributed to the cell centers.
Note that A is sparse, thus we use the biconjugate gradient method to solve the system. Let
u(x, y, z) ∈ C(D) be a twice continuously differentiable real function on the domain D ∈ Rd

with dimension d . For numerical testing we calculate u, the right hand side of (21). Let Ci
be a cell with boundary ∂Ci = {Fj | Fj ∈ ∂Ci}. The flux balance ui of Ci is computed by
the sum over the fluxes fj over the faces Fj:

ui =
∑
j

fj.

We remember that the flux over the face Fj with outer normal unit vector n is given by:

fj =

∫
Fj

∇u · n ds .

In the implementation we approximated the integral by the gradient taken in the midpoint
m(Fj) of the face times a constant mean outer normal unit vector nj factorized with the
area of the face AFj

:
fj = u(mFj

)njAFj
.

As a discrete value of the exact solution we take the function value in the cell centers. Let
nC be the number of cells and Voli the volume of cell Ci. The error will be measured in the
following norm:

e =

∑nC

i=1 Voli(ũi − ui)∑nC

i=1 Voli
,

In addition we investigate the maximal error that is measured by:

emax = maxnC
i=1,
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3.1 Horizontal Grids

3.1.1 Description of the Setting

Test case (1) is performed with a Gaussian bell curve which is wrapped around the sphere
with its peak located in the spherical coordinates [φ0, λ0] (φ0ε[−π

2
, π

2
] , λ0ε[π, π]) as the so-

lution u. It is given by:
u(dist) = e− dist2

,

dist = arccos(sin(φ0) sin(φ) + cos(φ0) cos(φ) cos(λ− λ0))

φ = arccos
z√

x2 + y2 + z2
− π

2
,

λ = atan2(y, x) =

arccos x√
x2+y2

für y ≥ 0,

2π − arccos x√
x2+y2

für y < 0;

Test case (2) is performed with two added bell curves with different maxima located in
different positions on the sphere.

Figure 13: Solutions of Testcases (1) and (2) on a lat/long bzw. Quadrilateral grid

3.1.2 Results

We performed the computing on grids with n× 2n grid cells. For the spherical grids (abbr.:
sphere) we use 2n cells along the equator and n cells in longitudinal direction to make sure
the cells are rather quadratic. The alternative quadrilateral grid (abbr.: Quad) requires a
rectangle with side lengths l× 2l to be wrapped around the sphere. The centroidal Voronoi
tessellation is performed with n × 2n initial points. We investigate grids generated by
centroidal Voronoi Tessellation with 50 steps of iteration (abbr.:CVT50), whose cells are
rather uniform and grids generated by only 10 steps of iteration (abbr.:CVT10). The shape
of the cells of the CVT10 grid are less uniformly allocated on the sphere than those of
CVT50. The skewer grids give us the possibility to see the full scope of the MPFA Method.
The fifth grid is the uniformly refined dodecahedron (abbr.: Dode). Due to the refinement
we have no influence in the number of cells ND. As we plot the errors in dependence of
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h = 1/n, for the dodecahedron h is given by: h =
√

2
ND

. The diagrams of the errors and

maximal errors (fig.(14) and fig.(15)) show quadratic convergence behavior of the error and
maximal error.The errors and maximal errors can be found in tables (1), (2), (3) and (4) in
appendix B.
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Figure 14: Plots of the error for Test Cases (1) and (2) on Horizontal Grids.

10−3 10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

 

 

lat/long
quadrilateral
CVT50
CVT10
hexagonal
1/(2*h^2)

10−3 10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

 

 

lat/long
quadrilateral
CVT50
CVT10
hexagonal
1/(2*h^2)

Figure 15: Plots of the maximal error for Test Cases (1) and (2) on Horizontal Grids.

3.2 Vertical Grids

In this subsection we want to present the numerical tests of the vertical grid configurations.
We compare the convergence of diffusion on terrain following coordinates with cut cells.

3.2.1 Description of the Setting

The computational domain is the unit cube in Rd with d = 2, 3. We design a mountain as
an orography function on the ground level. The mountain and therewith the z-Koordinate
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des ground level is defined by the function:

z =
hw

1 + x
in 2D and z =

hw

1 +
√
x2 + y2

, in 3D

with height h and width w, known as the witch of agnesi. Figure (16) shows a very coarse
3D grid of the domains with a mountain of height h = 0.5 and width w = 0.25. The test is

Figure 16: Grid Configurations for the Orography Grids

performed with the solution:

u = sin(πx) sin(πy) sin(πz)

and Dirichlet boundary conditions. Figure (17) shows a plots of the solution on the hori-
zontal grid layers of both grid configurations in 3D.

Figure 17: Solution of the Vertical Grids.

3.2.2 Results

We performed tests in the 2D and 3D scenarios. The grids are generated by n×n or n×n×n
grid cells. Figures (18) shows the errors and maximal of the 2D case in dependance of
h = 1/n, figures (19) the 3D case. the values of the errors can be looked up in tables (5)
and (6) in appendix B. All convergence plots show quadratic behavior. For our test scenario
the terrain following coordinates show a smaller general error, but when we investigate the
maximal error the cut cells succeed, even though in the 2D case not as distinctive as in 3D.

3.3 Discussion of the Results

Summing up the convergence results from our test cases we observed quadratic behavior
in all cases. In the literature we find the same results [1]. The quadratic convergence is
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Figure 18: Convergence Plots

10−2 10−1 100
10−4

10−3

10−2

10−1

 

 

CutCells
TerFol
1/(h^2)

10−2 10−1 100
10−4

10−3

10−2

10−1

 

 

CutCells
TerFol
1/(h^2)

Figure 19: Convergence Plots

proofed for almost all polyhedral grids [3] One constraint that is made in this proofs is
about the size. The volume must exceed a certain lower boundary. This constraint is not
fulfilled by cut cells, which might be very small. The quadratic convergence behavior of
the maximal error for the cut cells is thus not just a proof of proper implementation of the
MPFA method.
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4 Summary and Future Prospects

4.1 Summary

The main question of this work was to investigate if the Multi Point Flux Approximation
Method is a suitable way to discretize diffusion in atmospherical simulation. In atmospher-
ical modeling many different kinds of meshes are used. In horizontal direction the spherical
shape of the earth must be taken into account. I implemented four different kinds of spheri-
cal grids; a rectangular longitude/latitude grid, a hexahedral grid emerging by refinement of
the dodecahedron, a grid generated by centroidal voronoi tessellation and a logical cartesian
quadrilateral grid on the sphere, that is constructed by wrapping a cartesian grid around
the sphere. In horizontal direction the orography, the mountains and valleys of the earth’s
surface must be taken into account. I implemented terrain following coordinates and cut
cell coordinates. I developed an approach to generate cut cells out of a cartesian grid. To
be able to apply the Multi Point Flux Approximation Method on this various grids, we put
all the grids in a framework of general polyhedral 3dimensional grids. I developed a Matlab
code to apply the MPFA Method into this general framework.
I ran tests on the horizontal and vertical grids to investigate the convergence behavior. The
test cases on the horizontal grid yield quadratic convergence for diffusion. The results of
vertical tests yield the same convergence rate. The general error was smaller for terrain fol-
lowing coordinates whereas the maximal error under-runs for the cut cells. The quadratic
convergence for the cut cells is notable, since the convergence is only proven for meshes
which satisfy a lower bound of cell size [12].
The quadratic convergence for all tested grids yield a satisfying result to the main ques-
tion of applicability of the MPFA method to atmospheric simulation. Further investigation
seems worthwhile.

4.2 Future Prospects and Open Questions

This work tested the MPFA method on various meshes that are used for meteorological
simulation. Due to the wide variety the tests we can give a general assumption over the
applicability. But deeper tests have to be performed to support this assumption and to
figure out the full scope and advantages and disadvantages of the MPFA method especially
in meteorological modeling. The development of the error must be compared to hitherto
existing methods of discretization of diffusion. The performance of more realistic test sce-
narios might yield different results than computation on an artificial mountain in the unit
cube. To get a solid statement in the comparison between cut cells and terrain following
coordinates one may design more test examples, steepen the hills, create valley etc. The
computational effort of the MPFA method rather high. The accuracy must be considered
under the aspect of computational effort.
Theoretical investigation of the convergence of the discretization of diffusion on cut cells is
another task that is constituted by this work. The cut cells may be very small, which may
cause problems and excludes them from hitherto theoretical results.
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For the application of the MPFA method into a general polyhedral framework, I touched
the field of discrete differential geometry. [5] Theoretical results over polyhedral meshes use
the notions and some results from this mathematical field. [3] For theoretical investigations
of cut cells one might find fruitful parallels.
To apply the plain spherical meshes into the code that was conducted for polyhedral, 3di-
mensional grids, we inflated the mesh. One might refer to offset meshes as well. In case of
a sphere not much confusion might happen. Thus another risen question is the inflation of
objects with non constant (or even non smooth or non continuous) curvature, the develop-
ment of a discrete Laplace-Beltrami-operator.
In the implementation many things of course could be enhanced. In the case of cut cells the
MPFA method takes way to much effort on the non boundary cells, because on cartesian
grids the MPFA method becomes the simple 5point stencil.
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Appendix A - Geometry

In section (MPFA) geometrical notions like midpoints, areas and normal vectors of polygons
and the volume of polyhedra were used without proper definition. This shall be made up
here.
The implementation was conducted for polyhedral grids. The faces of the cells are generally
non-planar polygons. In the following we want to give the exact definitions for the notions
that we used for implementation and show some alternatives and the development of the
discretization error.

Midpoint

The notion of midpoints is used for edges, faces and cells. For an edge there might not
happen any confusion because the edges are assumed to be straight and not bent and the
midpoint Me of two points of an edge (Pe1, Pe2) is uniquely defined:

Pei =

 xei
yei
zei

 , i = 1, 2 (22)

Me =
1

2

 (xe1 + xe2)
(ye1 + ye2)
(ze1 + ze2)

 (23)

For the Midpoints of higher dimensional elements we might use an generalization of formula
(25). Let Pi, i = 1, ..., ni the vertices of the object.

Pei =

 xei
yei
zei

 , i = 1, ..., ni (24)

The barycenter of vertices is defined by:

Me =
1

ni

 ∑ni

i=1 xi∑ni

i=1 yi∑ni

i=1 zi

 (25)

Note that the faces and cells need to be convex to make sure that the midpoint is inside the
object [1].

Area of a non-planar convex Polygon

Each Polygon can be partitioned into quadrilaterals by joining the midpoint of the polygon
with the midpoints of the edges. The calculation of the area of a non-planar polygon occurs
via summation over the areas of these quadrilaterals. Though the task is to compute the
area of a non planar quadrilateral.
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Averaging

The area of a non-planar quadrilateral can be estimated by twice the average value of the
areas of the triangles that can be inscribed.

P1 P2

P3

P4

T = P P P
1 1 2 3

T = P P P
2 2 3 4

T = P P P
3 1 3 4

T = P P P
4 1 2 4

Bilinear Form

The non planar quadrilateral, spanned by the vertices P1, P2, P3, P4 can be approximated
by the bilinear function:

S(u, v) = c00 + c01u+ c10v + c11uv 0 ≤ u, v ≤ 1, (26)

where
c00 = P1, c01 = P2 − P1, c10 = P4 − P1, c11 = P3 − P2 − P4 + P1.

The surface area of the quadrilateral can be computed by integrating the surface element.
This leads to [4]:∫ 1

0

∫ 1

0

‖ Su × Sv ‖ dudv =

∫ 1

0

∫ 1

0

‖ (c01 − c11v)× (c10 − c11u) ‖ dudv (27)

Volume

The computation of the volume of a polyhedron occurs analogously to the computation of
the area of a polygon. The only restriction to the grid is the corner constraint, namely that
exactly three edges and faces meet in each corner of every polyhedron. This ensures that
the subcells of the polyhedron are cuboids. So again, we will compute the volume of the
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cuboids and add them together to gain the volume of the entire polyhedron.
For the computing of the volumes of the cuboids we use a formula excerpted from [10]:

12 vol = [(~v7 − ~v0), (~v1 + ~v6)− (~v4 + ~v5).− (~v1 − ~v6) + (~v4 − ~v5)]+
[(~v7 − ~v0), (~v1 + ~v6)− (~v3 + ~v2), (~v1 − ~v6) + (~v3 − ~v2)].

(28)

3

4

5

10

2

6 7

Figure 4: Graphical representation of the �rst term

in (14). The triple product contains the body diago-

nal connecting the two apex nodes 0 and 7, a logical

plane diagonal opposite to the triangulation, and an

edge. The other two terms are cyclic permutations

of the edge and plane vectors.

The following expression for the volume vLD
represents one such decomposition:

12vLD = [(~x7 � ~x0);

(~x1 + ~x6)� (~x4 + ~x5);

�(~x1 � ~x6) + (~x4 � ~x5)] +

[(~x7 � ~x0);

(~x1 + ~x6)� (~x3 + ~x2);

(~x1 � ~x6) + (~x3 � ~x2)] (13)

Since nodes 0 and 7 are the apex points of the LD

triangulation, they enter vLD di�erently from the

other six nodes. In equation (13) nodes 1 and 6 are

the joints of the decomposition into octahedra; one

could have selected 2 and 5, or 3 and 4. This

expression requires 33 Flops to precompute the

sums and di�erences of vectors, 28 Flops for two

determinants, and two 
ops at the end to combine

and normalize, for a total of 63 Flops.

Alternatively one may compute vLD using three

(3� 3) determinants with simpler constituents:

6vLD = [(~x7 � ~x0); (~x1 � ~x0); (~x3 � ~x5)] +

[(~x7 � ~x0); (~x4 � ~x0); (~x5 � ~x6)] +

[(~x7 � ~x0); (~x2 � ~x0); (~x6 � ~x3)] (14)

Algorithm (14) requires seven vector subtractions

(21 Flops), and three determinants. However, since

the �rst column is the same for all three terms, we

can combine the (2� 2) minors and compute the

sum of determinants in 38 Flops. Including the

overall normalization brings the total for (14) to 60

Flops. We therefore obtain an advantage by using

three determinants since less precomputations of

vector sums and di�erences are needed than for

(13). An illustration of the �rst term of (14) is

shown in Figure 4.

Summary

We have studied algorithms for computing two

di�erent commonly used de�nitions of the volume

of hexahedral cells, such as are used in

hydrodynamics simulations. For the face-centered

(24-faceted) type of hexahedron, we have shown

that the volume can be computed in 72 Flops. For

the 12-faceted hexahedron derived from a long

diagonal decomposition, the volume can be

computed with 60 Flops. We plan to present a

detailed comparison of roundo� properties of the

various volume algorithms in a followup paper.
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Figure 20: Enumeration of the Vertices of a Cuboid.

Normal Vector

The normal vector of a non planar surface is not a constant. An average is estimated by
integrating the normal over the quadrilateral subcell. We consider the bilinear form that
describes the quadrilateral (26). The normal vector of a certain point (up, vp) of the surface
is given by the cross product of the two partial derivatives.

~n(up, v − p) = Su(up, vp)× Sv(up, vp) (29)

The partial derivatives are given by:

Su = (c01 − c11v) = v(P4 − P1) + (1− v)(P3 − P2), Sv = (c10 − c11u). (30)

Integration over the unit square leads to:

n̂ =
1

4
((P2−P1)×(P4−P2)+(P3−P4)×(P4−P2)+(P2−P1)×(P3−P2)+(P3−P4)×(P3−P2))

(31)
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Appendix B - Material from Section 4

Gradients

In this subsection we present the gradients of the solution functions that were used for the
numerical testing in section (4)

Horizontal Grids The solution function is given by:

u(dist) = e− dist2

,

dist = arccos(sin(φ0) sin(φ) + cos(φ0) cos(φ) cos(λ− λ0))

φ = arccos
z√

x2 + y2 + z2
− π

2
,

λ = atan2(y, x) =

arccos x√
x2+y2

für y ≥ 0,

2π − arccos x√
x2+y2

für y < 0;

The gradient, which we use for computation of the right hand side is:

∇u = udist∇ dist

with the derivatives:
udist = −2(dist)u,

∇ dist = distφ∇φ+ distλ∇λ
distφ = (− cos(φ) sin(φ0) + sin(φ) cos(phi0) ∗ cos(λ− λ0))/ sin(dist)

distλ = cos(φ) cos(φ0) sin(λ− λ0)/ sin(dist)

∇φ =


xz√

x2+y2(x2+y2+z2)
yz√

x2+y2(x2+y2+z2)

−
√
x2+y2

x2+y2+z2


∇λ =

 − y
y2+x2

x
y2+x2

0


Vertical Grids The solution function for the vertical test cases is given by:

u = sin(πx) sin(πy) sin(πz).

Though the gradients is:

∇u =

 π cos(πx) sin(πy) sin(πz)
π cos(πy) sin(πx) sin(πz)
π cos(πz) sin(πy) sin(πx)


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Tables of Errors and Maximal Errors

Table 1 The first table shows the values of the error e of different partitions for test case
(1) on the horizontal grids.

n h Sphere Quad CVT50 CVT10 Dode
2 · 24 2−2 e 0.4869 0.0138 0.0156 0.0159 0.0115 (n=42)
2 · 26 2−3 e 0.0060 0.0033 0.0034 0.0045 0.0029 (n=162)
2 · 28 2−4 e 7.1493e-4 8.0157e-4 0.0011 8.9501e-4 7.4452e-4 (n=642)
2 · 210 2−5 e 1.8101e-4 2.0133e-4 2.3042e-4 2.4592e-4 1.8461e-4 (n=2562)
2 · 212 2−6 e 4.5210e-5 5.0673e-5 5.743e-5 6.7342e-5 4.587e-5 (n=10242)
2 · 214 2−7 e 1.1313e-5 1.2805e-5 1.6911e-5
2 · 216 2−8 e 2.9230e-6

Table 2 The table shows the maximal error emax of the different partitions for test case
(1) on the horizontal grids.

n h Sphere Quad CVT50 CVT10 Dode
2 · 24 2−2 emax 1.8569 0.0323 0.0871 0.00843 0.0763 (n=42)
2 · 26 2−3 emax 0.0256 0.0111 0.0196 0.0242 0.0156 (n=162)
2 · 28 2−4 emax 0.0058 0.0039 0.0067 0.0059 0.0039 (n=642)
2 · 210 2−5 emax 0.0015 0.0013 0.0016 0.0019 9.8597e-4 (n=2562)
2 · 212 2−6 emax 3.6904e-4 3.7702e-4 4.0998e-4 4.8430e-4 2.4800e-4 (n=10242)
2 · 214 2−7 emax 9.2597e-5 9.3040e-5
2 · 216 2−8 emax 2.4111e-5

Table 3 The table shows the values of the error of horizontal grids with n cells for the
second test case.

n Sphere Quad VTS50 VTS10 Dode
32 e 0.4447 0.0219 0.0314 0.0265 0.0180 (n=42)
128 e 0.0088 0.0043 5.457e-3 0.0057 0.0043 (n=162)
512 e 0.0023 0.0010 1.571e-3 0.0015 0.0011 (n=642)
2048 e 5.7377e-4 2.5965e-4 4.253e-4 3.8023e-4 2.715e-4 (n=2562)
8192 e 1.432e-4 6.4868e-5 1.135e-4 8.8233e-5 6.75e-5 (n=10242)
32768 e 3.6050e-5 1.6311e-5 2.3859e-5
131072 e 1.0094e-5

Table 4 The table contains the values of the maximal horizontal grids with n cells for the
second test case.
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n Sphere Quad VTS50 VTS10 Dode
32 e 1.5892 0.0611 0.0800 0.0805 0.0645(n=42)
128 e 0.0392 0.0160 0.0165 0.0199 0.0131(n=162)
512 e 0.0064 0.0041 0.0056 0.0064 0.0033(n=642)
2048 e 0.0014 0.0012 0.0013 0.0016 8.2335e-4 (n=2562)
8192 e 3.4563e-4 3.4843e-4 3.5565e-4 4.0362e-4 2.0592e-4(n=10242)
32768 e 8.7174e-5 9.9137e-5
131072 e 2.4150e-5

Table 5 The fifth table shows the general and maximal error of the vertical 2D tests.
n e Cut Cells TerFol emax CutCell TerFol
1 e 0.0110 0.0087 emax 0.0259 0.0218
2 e 0.0023 0.0016 emax 0.0064 0.0050
3 e 6.3229e-4 4.2399e-4 emax 0.0019 0.0019
4 e 1.6650e-4 1.1212e4 emax 4.967e-4 5.1976e-4
5 e 4.274e-5 2.8784e-5 emax 1.282e-4 1.3480e-4
6 e 1.0828e-5 7.2848e-6 emax 3.2581e-5 3.4231e-5

Table 6 The table contains the errors and maximal errors of the vertical 3D tests.
n e Cut Cells TerFol emax CutCell TerFol
1 e 0.0074 0.0039 emax 0.0270 0.0207
2 e 0.0015 9.3627e-4 emax 0.0067 0.0076
3 e 4.2183e-4 2.7230e-4 emax 0.0019 0.0022
4 e 1.1108e-4 emax 5.1827e-4
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